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Exercise Series 11 - Alternating tensors, differential forms 2021–12–07

Exercise 11.1. Let T ∈ Tenk(V ) be a tensor on a real vector space V , and let

TI = T (EI), defined for any multi-index I = (i0, . . . , ik−1) be the coefficients of T

w.r.t. some base (Ei)i of V . Show that (σT )I = Tσ∗I for any permutation σ ∈ Sk

Exercise 11.2. Let M be a Cr+1 manifold and let ω be a differential k-form on M .

We say that ω is Cr at some point p ∈M if the component functions of ω w.r.t. some

chart ϕ (that is defined at p) are Cr at p. Show that this does not depend on which

chart ϕ we use.

Exercise 11.3. The goal of this exercise is to show that the wedge product of alter-

nating covariant tensors in a real vector space V is associative.

(a) If a tensor T ∈ Tenk V is alternating, show that A(T ) = k!T .

(b) For two tensors S ∈ Tenk V , T ∈ Ten` V , show that

A(A(S)⊗ T ) = k!A(S ⊗ T )

A(S ⊗A(T )) = `!A(S ⊗ T ).

(c) Show that the wedge product of alternating tensors S ∈ Altk V , T ∈ Alt` V ,

R ∈ Altm V is associative:

S ∧ (T ∧R) = S ∧ T ∧R = (S ∧ T ) ∧R.

Exercise 11.4. For a point p ∈ R3 and vectors v, w ∈ TpR3 ≡ R3 we define

ω|p(v, w) := det(p | v | w). Show that ω is a smooth differential 2-form on R3, and

express ω as a linear combination of the elementary alternating 2-forms determined

by the standard coordinate chart (x0, x1, x2).

Exercise 11.5 (Some properties of the pullback of differential forms). For F : M →
N a smooth map between smooth manifolds, ω ∈ Ωk(N), β ∈ Ω`(N) we have:

(a) F ∗(α ∧ β) = F ∗(α) ∧ F ∗(β).

(b) In any coordinate chart yi on N ,

F ∗

 ∑
I=(i0,...,ik−1)
0≤i0,...,ik−1<n

ωI dyI

 =
∑

I=(i0,...,ik−1)
0≤i0,...,ik−1<n

(ωI ◦ F ) d(yi0 ◦ F ) ∧ · · · ∧ d(yik−1 ◦ F ).

(c) F ∗(ω) ∈ Ωk(M).
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