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0.1 Practical remarks about the course

0.1.1 Content for the exam

Studying the content under a heading marked by an asterisk is not mandatory by
itself. You should read it only if you find it interesting or helpful for understanding
the rest.



1 Manifolds

The goal of this course is to extend differential and integral calculus from Euclidean
space R™ to all differentiable manifolds such as the m-sphere, the n-torus, etc.
Roughly speaking, a differentiable manifold is a space that

e is endowed with a certain topology,

e has, in addition, a differentiable structure that allows us to distinguish whether
a map is differentiable or not, rather than just continuous, and

e locally looks like Euclidean space R".

1.1 Topological manifolds

|Leel3|, Chapter 1 and [LeelQ], Chapter 2

Let us pospone the question of differentiability and focus on topology. As said,
we want to study spaces that “locally look like” Euclidean space R".

Definition 1.1.1 (Locally Euclidean space). Let n € N ={0,1,...}. A topological
space M is locally Euclidean of dimension n at a point p € M if the point p has
an open neighborhood that is homeomorphic to an open subset of R™. If this holds
for all points p € M, we say that M is locally Euclidean of dimension n.

A typical example is the circle: it is locally Euclidean of dimension 1 but not
globally homeomorphic to any subset of R.

Example 1.1.2. The circle S' = {(z,y) € R? | 2% + y? = 1} (with the subspace
topology) is locally Euclidean of dimension 1: let (zg,0) € S*, wlog 5o > 0, then
U := (R x Rt)NS! is an open subset of S' containing (z¢,yo) and homeomorphic
to (—1,1) via the map U — (—1, 1) that sends (z,y) — z.

We will see more examples later on (see e.g. Examples [1.1.11| below). Let us
make some general comments.

Remark 1.1.3. If a space M is locally Euclidean of dimension 0, then every point
has a neighborhood homeomorphic to RY = {0}, i.e. a point. In other words, M is
a discrete topological space.

Remark 1.1.4. In the definition of locally Euclidean space, we could have re-
placed “...homeomorphic to an open subset of R™” by “...homeomorphic to R™”.
(Exercise.)

Remark 1.1.5. Brouwer’s theorem of invariance of domain impliesE] that if two
nonempty open sets U C R™, V C R" are homeomorphic, then m = n. It fol-
lows that the dimension of a locally Euclidean space at each point can be defined
unambiguously. Furthermore, it is easy to prove that the dimension is constant
throughtout each connected component. Thus the only way to get a locally Eu-
clidean space of mixed dimensions is to make a disjoint union of components of
different dimensions. Anyway, in the definition of topological manifold (see below)
we will not admit this kind of spaces.

!The actual theorem says that if U C R™ is an open set, then any injective continuous map
f:U — R™ is an open map.



For the definition of topological manifold we demand some further topological
properties that ensure that the space is topologically “well-behaved”. (For instance,
we want the limit of every sequence to be unique.)

Definition 1.1.6. A topological manifold of dimension n, or topological
n-manifold, is a topological space M that is locally Euclidean of dimension n,
HausdorflZ] and second countable

A topological manifold is a topological space that is a topological n-manifold
for some n.

Side note: Make sure you are familiar with some basic definitions from topol-
ogy such as Hausdorff, second countable, connected and compact spaces, and the
construction of subspace, product, coproduct and quotient topologies. Chapters 2
and 3 in |Leel0] provides a succinct overview of everything we need.

Remark 1.1.7. The conditions of Hausdorff resp. second countable in Definition
are not redundant. For example, the line with two origins (see Exercises) is a
locally FEuclidean, second countable space that is not Hausdorff. The long line and
the Priifer surface (see Wikipedia if interested) are locally Euclidean of dimension
1 and 2 respectively, Hausdorff, and connected, but not second countable.

The homeomorphisms that locally identify a topological manifold with Euclidean
space are called charts:

Definition 1.1.8 (Coordinate charts). Let M be a topological n-manifold. A
chart (or coordinate chart) for M is a homeomorphism ¢ : U — V, where

1

U C M and V C R" are open sets. Its inverse ¢~ is a local parametrization of

M. An atlas for M is a collection of charts whose domains cover M.

For the moment, we can see an atlas simply as a way of showing that a space is
locally Euclidean.

Remark 1.1.9. Some authors define a chart for M as a pair (U,p) or even a
triple (U,V,p) where U C M and V C R™ are open sets and ¢ : U — V is
a homeomorphism. Here, instead, we consider the sets U and V as part of the
function ¢, namely, its domain Dom(p) and codomain Cod(yp), thus there’s no
need not specify them separately. E] From this point of view, the letters “U”, “V”
are just shorter names for the sets Dom(yp), Cod(p). We may use the notation
(U, v) when we want to give the name “U” to the domain of the chart ¢.

Convention: When talking about subsets (resp. quotients, products, disjoints
unions) of topological spaces we’ll assume that they are endowed with the subspace
(resp. quotient, product, coproduct) topology unless otherwise stated.

Using this convention, let us mention some easy ways to construct new topolog-
ical manifolds from old ones.

Proposition 1.1.10 (New manifolds from old). The properties of being Hausdorff
or second countable are preserved by taking subspaces, finite products and countable
coproducts. In consequence:

2Recall that a topological space X is Hausdorff if every two different points x, € X have
disjoint neighborhoods.

3Recall that a topological space X is second countable if its topology admits a countable base.
A base for a topology is a family B of open sets such that every open set is a union of some
sets of B.

4Formally, a function f is a triple f = (X,Y,T') where X, Y are sets (called the domain and
codomain of f, and denoted Dom(f) and Cod(f)), and I" is a subset of X x Y (called the
graph of f, denoted Gra(f)), such that for each € X there is a unique y € Y (called the
image of = by f, denoted f(z)) such that (z,y) € T



e An open subset of a topological n-manifold is a topological n-manifold.

o A disjoint union M = [[, M; of countably many topological n-manifolds M;

is a topological n-manifold.

e A product M =[], M; of finitely many topological manifolds M; is a topolog-

ical manifold of dimension dim(M) =, dim(M;).

Proof. Exercise. O

Example 1.1.11 (Examples of topological manifolds).

(a)
(b)

Of course any open subset of R” is a topological manifold.

An example of topological n-manifold is the graph
Dy i={(a, f(x)) |2 € U} CU x R™

of a continuous function f : U — R™, where U C R™ is an open set. Indeed,
it is homeomorphic to U via the graph parametrization

U — Pf
= (z, f(2)),

. . L r —- U
whose inverse is the projection 4 .
T.

(z,y)

The sphere S C R™*! is a topological manifold. Being a subset of R"+!
it is Hausdorff and second countable. A possible choice of atlas is given
by the so-called graph coordinates: Cover S™ by the 2(n + 1) open sets
U* := {x € R" | £x; > 0}, then S" N U is homemorphic to the open unit
n-ball B" via the projectio

goii o S"N Uii — B

(oy .-y Tn) = (TOye oy Tiy ey Tyy).

The maps apii are coordinate charts for S™; we call them graph coordinates.
Locally this is a special case of the previous item [(b)} each set S*NU* is (up
to permutation of coordinates) the graph of the continuous function on the

unit n-ball B"(0):
B" - R:y— £4/1 -3 92

Real projective space P™ is a topological n-manifold (exercise).

The torus T™ = R™/Z™ is a topological n-manifold (exercise).

More generally, If M is a topological n-manifold and G is a group of home-
omomorphisms of M that acts properly discontinuously and without fixed
points, then the quotient space M /G is a topological n-manifold.

If M is a topological n-manifold and 7 : N — M is a covering map (where
both M and N are connected), then NNV is a topological n-manifold. In par-
ticular, the universal covering space of any connected topological manifold is
a topological manifold.

We will not prove the following result (although it can be done elementarily).

Theorem 1.1.12 (Classification of topological 1-manifolds). Every connected topo-
logical 1-manifold is homeomorphic to either S* (if it is compact) or to R (if it is
not compact).

5The hat on Z; means that we omit the respective coordinate ;.



1.2 Differentiable manifolds

Our next goal is to define a kind of spaces and maps called differentiable manifolds
and differentiable maps (or, more precisely C¥ manifolds and maps) with which
we can actually do differential calculus. Topological manifolds do not have enough
structure because a topology does not allow us to determine whether a function
is differentiable or not; it only distinguishes continuous functions. Differentiable
manifolds should be locally equivalent to Euclidean open sets (where we already
have a well defined notion of C¥ maps; see below), but at the global level they
should be allowed to have a more interesting topology. In particular, the sphere,
torus, projective space, etc. should become differentiable manifolds.

Before defining C* manifolds, let us set up some terminology for C¥ maps in R".

Definition 1.2.1 (Euclidean open sets and Euclidean C* maps). A Euclidean
open set is an open subset of some Euclidean space R™.

Let k € {0,1,...,00}. A function f : U — V between Euclidean open sets is C* at
a point p € U if its partial derivatives of order < k are defined in a neighborhood of
p and continuous at p. We say that f is C* (and we call it a Euclidean ck map)
if it is C* at all points p € U.

An Euclidean C* isomorphism is an Euclidean C* map that has an Euclidean
C* inverse.

Note that every Euclidean C* map is continuous because the function f itself
is a partial derivative (of order 0) of f. In fact, a CY map is the same thing as a
continuous map.

We are now ready to define C* manifolds. The key to turn a topological manifold
into a C* manifold is to choose an appropriate atlas.

Definition 1.2.2 (C* manifolds). Let M be a topological n-manifold and k =
0,...,00. Two charts ¢, for M, with respective domains U,V C M, are C*-
compatible if the transition map from ¢ to v, that is, the homeomorphism

Yo lipUNV) = p(UNV),

is a C*¥ isomorphism (i.e. itself and its inverse are both Euclidean C* maps).

A CF-consistent atlas (or C* atlas, for short) is an atlas for M whose charts
are C¥ compatible with each other. Two C* atlases for M are C*-equivalent if
their union is C*-consistent. A C* structure on M is a maximal C* atlas, i.e., a
C* atlas that is not contained in any other strictly larger C* atlas. A C* manifold
is a topological manifold M endowed with a C* structure A. (More formally, the
C* manifold is the pair (M, A).)

Note that a C° manifold is the same thing as a topological manifold. A CF
manifold with k& > 1 is called a C¥-differentiable manifold. A smooth manifold
is a C°° manifold.

Remark 1.2.3 (Domains and codomains of functions). To be precise, the tran-

sition map that we wrote as 1) o ¢! should actually be defined as M;@%UVH V)
-1

(@ {}%U; V)) , using the restricted charts

Pt UV s eunV), ESV  Uunv s g nv).

In general we will not write the restrictions explicitly because it is cumbersome.
When we compose functions, it should be understood that the resulting composite



function is defined in principle at all points where it is possible. (Maybe no points
at alll)

We may further restrict a function by specifying a reduced domain or codomain.
On the other hand, we shall never specify a domain containing points where the
function is not defined, nor a codomain that does not contain the image of the
specified domain. Thus a function “f : A — B” always has domain A and codomain
B.

The next proposition shows that it suffices to give any C*-consistent atlas (not
necessarily a maximal one) to determine a C* structure.

Proposition 1.2.4 (CF atlas defines C* structure). For a fized topological manifold
M, each C* atlas A is contained in a unique mazimal C* atlas A, which consists
of all charts for M that are C*-compatible with those of A. Any other C* atlas B
for M is equivalent to A if and only if it is contained in A.

Proof. Let A be any C* atlas for M. Define
A := {¢ chart for M that is C¥ compatible with all charts § € A}.

Clearly A contains A. We claim that A is a C* atlas. To prove this we have to show
that if ¢, € A are charts with respective domains U,V C M, then the transition
map @ o' 1 Y(UNV) = U NV)is Ck. Take any point ¥(p) € (U NV)
and let § € A be a chart whose domain W contains the point p € U N V. Then
(U NV NW) is an open neighborhood of ¥(p) and we can write the restrictionlﬂ

oy L:p(UNVNW) = oUNVNW)

as the composition (¢ o #71) o (§ o9~1), which is C* because ¢ 0 §~! and § o p~!
are C¥ by assumption. This proves that ¢ ot ~! in a neighborhood of 1(p), but the
same reasoning is valid at any point of 1)(U N V'), therefore p o ¢p~! is C*.

Finally, from the definition of A it is clear that it is maximal, and that any
atlas B is equivalent to A if and only if it is contained in 4. In particular, any
atlas B containing A is equivalent to A (by definition of equivalent atlases), and is
therefore contained in A. Therefore a maximal atlas containing A is contained in
A, but in fact it must be equal to A (by maximality). We conclude that A is the
unique maximal C¥ atlas containing A. O

In consequence, given a topological manifold M and some C* atlas A on M we
can speak without ambiguity of the C* structure A determined by A.

Remark 1.2.5. For practical purposes the concept of a maximal C* atlas is not
really important. We usually work with a smaller C* atlas and this is all we need
e.g. for checking that a function is C¥ (see next section). In general we won’t give
any name to the maximal atlas and we’ll just speak about the C¥ manifold M, with
the maximal atlas A being implicit.

Also, when we say “a C* chart” or simply “a chart” of M, we mean a chart
¢ € A. In the rare case that we may need a C' chart ¢ with [ < k (which means
is only C! compatible with the charts of A), we will say it explicitely. In particular,
a “topological chart” is a CY chart, i.e. a homeomorphism.

Remark 1.2.6. Every C* manifold is automatically a C! manifold for every [ < k,
because every C* atlas is a C' atlas. In the other direction, Whitney (Differentiable
Manifolds, 1936) proved that every C* structure contains a (non unique!) C' struc-
ture for any [ > k. The proof is reproduced in Munkres’ Elementary Differential
Topology and in Hirsch’s Differential Topology.

5see Remark




Example 1.2.7 (Examples of smooth manifolds).

1. R™ (with the atlas consisting of the single chart idgn) is a smooth mani-
fold. In general, any topological manifold endowed with a single-chart atlas
is automatically a smooth manifold. For example, the graph Gra; of any
continuous (sic) function f: U C R™ — R™ as described in Example
endowed with the projection chart, is a smooth manifold.

2. Any open subset U of a C* manifold M has a natural C* structure consisting
of the C* charts of M whose domain is contained in U. (Exercise.) We will
also see in the exercices that finite products of C¥ manifolds have a natural
CF structure.

3. The sphere S” C R"*! is a smooth manifold. Indeed, the atlas given by the
graph coordinates (Example [L.1.11]) is smooth. To see this, we compute the
transition functions (wlog i < j):

o o () (UF NUF NSY) = F(UF N U NS™)

(y07"'ayn—1) — (y0>"'7§i7" . 7yj—17:|:\/ 1- ZZ(yZ)Q’yJa . '7yn—1)

and a similar formula works if we replace 4,0: by ¢, . Hence all the transition
maps are smooth.

4. More generally, any subset M of R¥ given as the regular level set of a smooth
map F : RF — R¢ is a k — ¢ dimensional smooth manifold “in a natural
Waym’. (Being a level set means M = F~1({c}) for some ¢ € R’ and being a
regular level set means that, moreover, the Jacobian D|,F is surjective for all
p € M.) You can prove this quite easily using the implicit function theorem
and writing M locally as a graph of smooth functions (analogous to the graph
coordinates for the sphere). We will show a more general statement later on
when discussing submanifolds (Chapter [3]).

5. Projective space P" is naturally a smooth manifold; see exercises.

6. The torus T" = R"/Z" is naturally a smooth manifold. (Exercise.)

7. On the topological 1-manifold M = {(x,y) € R? | y = 23}, each of the two
projections mo, w1 : M — R (given by mo(z,y) = x and 71 (x,y) = y) is a chart
defined on the whole manifold M, but these two charts are not C*¥ compatible
for any £ > 1. (The transition functions are 71 o (m9)~! : z — 2% and its
inverse mo o (m1) ! : y — ¥y, which is not differentiable.) Thus these charts
determine two different C* structures on M.

1.2.1 One-step C* manifolds*

Here it is convenient to work with local parametrizations rather than charts. Recall that an
(n-dimensional) local parametrization of a topological space M is an homeomorphism
from an open subset U of R™ to an open subset of M or, equivalently, an open injective map
U — M. A family A of such maps whose images cover M is called a parametrization
atlas or inverse atlas for M, and such an atlas is C* if the transition map ¢~ o ¢ is C*
for each ¢,1 € A. Equivalently, a local parametrization is the inverse of a chart, and A is
a C* parametrization atlas iff A=! := {¢ 71 : ¢ € A} is a C* atlas.

Note that if M is a C* manifold, then the topology of M is determined by the
C* structure. Indeed, if A is a C* parametrization atlas, then

a set U C M is open iff $~!(U) is open in Dom(¢) C R" for all ¢ € A.  (1.1)

In particular, the inclusion map M < R* is smooth.

10



In other words, the topology of M is the final topology induced by the family Aﬁ

We can ask then, given a set M and a collection A of functions ¢ : Uy C R™ — M,
whether there exists a topology on M such that A is a C*¥ parametrization atlas of
M. Such a topology is necessarily unique by . This provides a way to define
a CF manifold without constructing first a topological space.

Proposition 1.2.8 (One-step manifolds). Consider a set M endowed with a family
A of injections ¢ : Uy € R™ — M satisfying the the following properties:
(Denote Uy = ¢(Uy) the image of each ¢ € A.)

(1) For all ¢, € A, the set U;’b = (ﬁ_l((}w) is open in R",

(2) and the transition map ' o ¢ : U:f — U;f is CF.

(8) Countably many of the sets ﬁ(b cover M.

(4) For every two distinct points p,q € M there exist maps ¢, € A containing
D, q in their respective images, and open neighborhoods V- C Uy, W C Uy, of
¢~ (p), v1(q) respectively, such that (V) Nyp(W) = ().

Then the set M endowed with the final topology w.r.t. A is a topological n-manifold
admitting A as a C* parametrization atlas.

Remarks:

e The hypothesis implies that each set U, C R" is open, because it is equal to
¢

U e

e Each transition map ¢ "'o¢: U;’f) —U ;f is a C* isomorphism because it is C*

and bijective, with inverse ¢! o1, which is also C*.

Proof. We endow M with the final topology w.r.t. A, so that a set U C M is open
if and only if ¢, '(U) is open in Uy for all a. This is clearly a topology on M.

We claim that each map ¢ € A is open. Indeed, if W C U, is an open set, then
#(W) is open in M because for any ¢ € A, the set =1 (¢p(W)) = (w_loqb)(WﬂU;p)
is open in U $ since ¢! o ¢ is a homeomorphism Ug —U ff: .

It follows that each ¢ € A is a homeomorphism onto its image, because it is open
an injective. Therefore the maps ¢ are n-dimensional local parametrizations of M
ensuring that M is locally Euclidean of dimension n. Moreover, M is a topological
manifold because it is second countable by and Hausdorff by Finally, the

parametrization atlas A is CF-consistent by O

An example of manifold that can be constructed in this way is the Grassman
manifold G (V') of k-subspaces of a vector space V ~ R"; see [Leel3| p. 1.36].

1.3 Differentiable maps

We are about to define C* maps between C¥ manifolds. The plan is to reduce the
question of differentiability to the case of a map between Euclidean open sets. We
will do so by using charts.

In general, when studying a map f : M — N between manifolds, charts allow us
to locally express f as a map between subsets of Euclidean space.

8The final topology on a set M induced by a family of maps ¢ : Uy — M, where Uy are
topological spaces, is the topology defined by the formula (1.1). Exercise: check that it is
indeed a topology.

11



Definition 1.3.1 (Local expression of a map). Let M, N be C¥ manifolds and let
f: M — N be any function (not necessarily continuous). A local expression (or
coordinate representation) of f at some point p € M is a composite map

flg=vofop™

where ¢ and 1 are charts of M and N whose domains U, V' contain the points p and
f(p) respectively. The composite is defined at all possible points; see Remark

Local expressions allow us, for instance, to determine whether a function is con-
tinuous or not.

Remark 1.3.2. Exercise: Show that f is continuous at p if and only if the local
expression f ]Zﬁ at p is defined in a neighborhood of ¢(p) and is continuous at ¢(p).
This fact holds however we choose the charts ¢, ¥ (provided their domains contain
the points p, f(p) respectively, of course).

We use local expressions to define whether a map is C* or not.

Definition 1.3.3 (C* maps between manifolds). We say a function f : M — N
between C* manifolds is C* at a point p € M if there exists a local expression f\$
of f at p such that

f|$ is defined in a neighborhood of ¢(p) and is C* at the point ¢(p). (1.2)

If this holds for all points p € M, we say that f is a C* map. The set of C¥ maps
M — N is denoted C*(M,N). A C* isomorphism is a C¥ map that has a C*
inverse.

If £ > 1, a C* map is also called C*-differentiable, and a C* isomorphism is also
called a C* diffeomorphism (or a C* diffeo, for short).

In fact the condition (T.2)), that determines whether f is C*¥ or not, does not
depend on how we choose the charts ¢, .

Proposition 1.3.4. If f is C* at the point p, then every local expression f|$ of f
at p satisfies (|1.2)).

Proof. Assume that the local expression f |Zﬁ satisfies (|1.2)). This implies that f is

continuous at p, by Remark |1.3.2} Consider a second local expression f \é of f at
p. This new local expression is defined on some neighborhood of ¢(p) (again by
Remark , and is related to the old one by the chart-change formula

fIL=@od Yo fllo(pod™), (1.3)

which holds at all points where the two expressions are defined (in particular, in
some neighborhood of @(p)). Since the transition maps (¢ o Y1) and (¢! o @)

are C*, we conclude that f\% is C* at the point (p). O

Example 1.3.5. 1. The identity map of any C* manifold is a C* map. (Exer-
cise.)
2. A composite map g o f is C¥ at a point p if f is C* at p and g is C*¥ at f(p).
(Exercise.)

3. If M is a C* manifold, then every C* chart of M, as well as its inverse, are
C* maps. (Exercise.)

12



A CF structure on a topological manifold M allows us to determine which maps
that go to M are C*. But the reciprocal property also holds: if we know which
maps to M are C¥, this information determines the C¥ structure of M.

Proposition 1.3.6. Let Ay, A, be two C* atlases on a topological manifold M,
defining two C* manifolds M; = (M, A;). Then the two atlases A; are equivalent if
and only if the following property holds:

For every function f : N — M (where N is a C* manifold), the function f is C* as
amap N — M, if and only if it is C* as a map N — M;.

Proof. Exercise. O

1.4 Partitions of unity

In this section we develop partitions of unity, a tool often used to turn a local
construction, obtained by working in coordinates, into a global one. (Don’t worry
if this sounds vague; we will see examples later on.) The existence of partitions of
unity on a manifold is easier to prove if the manifold is compact, and we will deal
with this case first. The general proof relies on a topological property of manifolds
called paracompactness, which is in turn a consequence of being Hausdorff, second
countable and locally compact.

Recall that the support of a continuous function 1 : M — R is the closed set

supp(n) := {p € M | n(p) # 0}.

Definition 1.4.1. A C¥ partition of unity (or POU, for short) on a C*¥ manifold
M is a family (1;); of C* functions n; : M — [0, +00) satisfying
e Sum condition: ), n;(x) =1 for every x € M,
e Local finiteness: Every point of M has a neighborhood where all except
finitely many of the functions 7; vanish.
A partition of unity (n;); is subordinate to an open cover U of M if every n; has
its support contained in some open set U € 4.

Theorem 1.4.2 (Existence of Partitions of Unity.). For any open cover U of a
C* manifold M there exists a partition of unity (1;); subordinate to U such that
the functions n; have compact support (in fact, their supports are closed coordinate
balls; see definition below).

Another version of the theorem is the following.

Corollary 1.4.3 (Existence of Partitions of Unity, alternate form). For any open
cover U = {Uj}jes of a C* manifold M there exists a partition of unity (&)jes
such that supp(&;) C U; for all j.

This version of the theorem can be deduced from the first one (exercise). Note
that the functions g; may not have compact support in this case.

For the proof of Theorem we will use bump functions.

Lemma 1.4.4 (Bump functions on Euclidean space). For any numbers 0 < a <b
there exists a smooth bump function h : R™ — [0,1] satisfying h(x) = 1 iff
|lz|| < a and h(z) =0 iff ||| > b.
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Proof. 1t suffices to let h(z) = g(||z||), where g : R — [0,1] is a smooth cutoff
function satisfying g(t) = 1 iff ¢ < a and ¢(¢t) = 0 iff ¢t > b. This cutoff function,
in turn, may be defined as

fo—1)
fo=1) + f(t—a)’

where f : R — [0,+00) is a smooth function such that f(¢) > 0 iff ¢ > 0. Such a
function f may be given e.g. by the formula

e_% t>0
O P

g(t) =

O

We may use charts to transport these bump functions from Euclidean space to
any manifold. The resulting bump function will be supported on a closed coordinate
ball.

Definition 1.4.5. A closed coordinate ball in a C* manifold M is the preimage
¢~ 1(B) of a closed Euclidean ball B by a C* chart ¢ containing B in its codomain.

Proof of Thm. for compact manifolds. Let M be a compact C* manifold and
let U be an open cover of M. In this case we’ll obtain a finite C* partition of unity
(n;); subordinate to . In fact, it is sufficient to find finitely many C* functions
ni + M — [0,400), each of which has its support supp(7;) contained in some U € U,
and such that ), 7;(x) > 0 for all . The functions 7; can then be obtained by
dividing each 7; by the strictly positive C* function 7 = > i T

To construct the functions 7; we proceed as follows. Each point of a set U € U
is contained in the interior of some closed coordinate ball D C U. Thus there
is a family of closed coordinates balls, each of them contained in some U € U,
whose interiors cover M. By compactness, we may take a finite subfamily of balls
D; whose interiors still cover M. Write each ball D; as gpifl(E), where B; is an
open Euclidean ball and ¢; is a C¥ chart containing B; in its codomain. Then let
hi : R™ — [0, +00) be a C* bump function that is supported on the closed ball B;
and strictly positive on the interior B;. Finally, define a C* function 7; : M — [0, 1]
by the formula

ni =

_ hio@; on Dom(yp)
0 on M\ D;

This function is supported on D;, which is contained in some U € U, thus the
function family (7;) is subordinate to Y. In addition, 7; is strictly positive on B;,
and since the balls B; cover M, we conclude that ), 7;(z) > 0 for all z € M, as
required. O

1.4.1 Paracompactness*

Definition 1.4.6 (Paracompact space). Let X be a topological space.
e An open cover of X is a family U of open sets whose union is X.
e Another open cover V refines U if every V € V is contained in some U € U.

e The space X is paracompact if every open cover I/ admits as refinement
some open cover V that is locally finite.

e (A family of subsets of X is locally finite if every point z € X has a
neighborhood that intersects only finitely many sets of the family.)

14



Proposition 1.4.7. If a topological space X is Hausdorff, second countable and
locally compact, then it is paracompact. (In particular, a manifold is paracompact.)

In fact, given any topological base B of X, every open cover U has a locally finite
refinement V consisting of open sets B € B with their closures B contained in some

Uecl.

Proof.

Lemma 1.4.8. X admits an exhaustion by compact sets, i.e. a sequence (K;);eN
of compact sets that cover X and satisfy K; C Int(K;11).

Proof of lemma. Let (V});jen be a countable open cover of M where each V; has
compact closure. Let Ky = (), and define inductively for each i € N an integer
ji > i such that the sets (V;),<;, cover K;, and a compact set K; 11 = V;U Uj<ji V.
These compact sets K; cover M and satisfy K; C Int(K;11). O

Consider the compact sets L; = K; \ Int(K;_1) and their respective open neigh-
borhoods W; = Int K41 \ K;—2.

Each point z € L; is contained in some open U, € U and has a basic neighborhood
B! € B such that B, C W, NU.

Take a finite subfamily (B;j ); that covers L;. Doing this for each i we obtain
a family of basics (B}Cj)m- that cover M. Their closures satisfy Bﬁcj C Uy, which
gives the subordination condition, and Bfﬂj C W;, which ensures local finiteness

since every point x € L; is contained in at most three sets Wy, namely, those with
|0 — i <1. O

Using paracompactness, we can prove the existence of partitions of unity on a
noncompact manifold.

Proof of Thm.[1.4.2. Let M be a manifold and & an open cover.

Let B be the topological base of M consisting of the interiors of closed coordinate
balls. By Proposition [1.4.7] there exists a family of closed coordinate balls D;, each
contained in some open set U € U, whose interiors cover M.

The proof finishes as in the compact case. We take for each i a C* function

i+ M — [0, 1] that is strictly positive on Int(D;) and supported on D;. Then the

functions n; = ﬁ form a Ck partition of unity (7;); that is subordinate to the
3

open cover U. O

1.4.2 Applications

Corollary 1.4.9 (Bump functions). If M is a C¥ manifold, A C M a closed set and
U C M an open neighborhood of A, then there exists a C* function n : M — [0,1]
such that n =1 on A and supp(n) C U.

We call n a bump function for A supported in U.

Proof. Just take the open cover {Vy = U,V; = M \ A} of M and a partition of
unity (n;)i=o,1 satisfying suppn; C V;, then set n = np. O

We have already defined differentiability for a function f : M — N between C*
manifolds. If instead f is defined on a closed subset of M, we define differentiability
as follows:
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Definition 1.4.10. Let f : A — N be a function where A C M is a closed set and
M, N are C¥ manifolds. We say that f is C* if it can be extended to a C¥ function
defined on an open neighborhood of A.

As a corollary of the existence of bump functions we can extend a smooth function
defined on a closed set to a smooth function on the whole manifold:

Corollary 1.4.11 (Extension lemma). Let f : A — R be a C* function, where
A C M is a closed subset of a C* manifold M, and let U C M be an open set
containing A. Then there exists a C* function f: M — R such that ﬂA = f and
supp f C U.

Proof. By definition f can be extended to a C* function (say, also called f) on some
open set W D A; wlog W C U. We take a C* bump function 1 for A supported in
W. Then nf has support in W and therefore extending the function by 0 outside
W we obtain a C* function fon M with the desired properties. O
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2 Tangent vectors

Recall that if a map f: U — V between Euclidean open sets U C R™, V' C R" is
C! at a point p € U, then there exists a unique linear transformation Dyf:R™ —
R™ called the differential transformation of f at p, which gives a first-order
approximation

flp+v) = f(p) + Dpf(v) +rp(v)
TP(U)

where ol —0asv—0.

To define the differential of a map between C* manifolds, we need a notion of
tangent space.

Definition 2.0.1. Let M be an n-dimensional C* manifold with £ > 1. A co-
ordinatized tangent vector on M is a triple (p, ¢,v) where p € M is a point,
¢ is a CF chart of M defined at p, and v € R” is a vector in Euclidean space. A
tangent vector on M is the equivalence class [p, ¢, v] of a coordinatized tangent
vector (p, ¢, v) under the equivalence relation

(p.pv) ~ (5,8,0) <= p=p and 0= Dy (B¢ ") (v)

The set T'M of tangent vectors is the tangent bundle of M, and there is a canonic
projection map 7wy : TM — M sending [p, o, v] — p.

The tangent space at a point p € M is the set T,M := 7 1(p). Tt is a vector
space with vector addition

D, @, v] + [p, o, w] :== [p,,v + w]

and vector scaling
Ap,p,v] == [p,p, Av] for A € R.

Remark 2.0.2. 1. ~ is indeed an equivalence relation. (Exercise.)

2. Fixed a point p € M and a C* chart ¢ defined on p, the function ¢ : R* — T,M
sending v — [p, p,v] is a bijection. (Exercise.)

3. A tangent vector X = [p, p,v] € T,M can be considered as a function

{charts of M def. at p} — R"
¢ = Dgo(p)(w(tpil)(v)'

The vector Dy, (1 1) (v) is the only w € R™ such that [p, v, w] = X.

4. Vector addition and scaling are well defined and make 7},M a vector space
isomorphic to R™. (Exercise.)

Remark 2.0.3. If U C R" is an open set (considered as a smooth manifold), we
identify TU = U x R™ by the bijection

(p,v) € U x R" = [p,idy,v] € TU.

Thus for each p € U we have T,U = {p} x R" =R", and for p € U and v € R" we
write

vlp == [p,idy, v] € T,HU. (2.1)
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Coordinate base for the tangent space We can construct a base of the tangent
space T,M as follows. Consider the canonic base (e;); of R”, and take a chart ¢
defined at p. Then the vectors

0
Oyt

= [p7 2 67;],
p

called the coordinate vectors at p associated to the chart ¢, form a base of T}, M.

If v is another chart defined at p, then this chart determines a second base

consising of vectors % This second base is related to the first one by the
P
formula ,
0| Z o’ 0
9! p j 9! ©(p) oyl P
where g:i’i is the partial derivative of ¥ o ¢! that appears as the coefficient
w(p

(j,4) of the matrix expression of the linear map Dy, (10 ¢™1) : R" — R™. To see
this we compute as follows:

9 — ] — -1\, .
8901 » - [P#Paez} - [pawa Dtp(p)(d} o )ez]
oI
= pﬂ/%z €
j Opi ©(p)
oI
= [p7¢7€j]
j 0%i lop)
= o 9
j 0%i o) OV 1

Remark 2.0.4. In concrete examples it is common to use more intuitive symbols
for ¢, e.g. the polar coordinates (r,¢) or the spherical coordinates (r, ¢,#). The

n=1) on R™ are usually written (z,y) for n = 2 and

standard coordinates (2°,...,z
(x,y, z) for n = 3. Bear in mind that an expression like (7, ¢) can mean either the

map (chart) or the coordinates of a particular point; see example below.
Example 2.0.5 (Polar coordinates). Let W := R" x (0,27). The map
U:W — R%: (r,¢) — (rcosp,rsing)

is a diffeomorphism onto its image U := ¥ (W) = R? \ (R>g x {0}). Its inverse
U1 . U — W is therefore a smooth chart for R2. The components of ¥~ are
usually written (7, ¢) and called polar coordinates. On the other hand, we have the
standard coordinates (x,y) (i.e. the identity map) on R2. Take a point p = (z,y) €

U and let (r,¢) = ¥~1(z, y) be its polar coordinates. The polar coordinate vectors

0 0

arly o) can be expressed as a linear combination of the standard coordinate
D

vectors 8%:‘;9’ 8%) , using the change of coordinates formula:
P

0 or 0 Oy 0 0 )

o = B B2 + ar oy = COS((,O)% + sm(cp)a—y

0 oxr 0 Oy 0 ) 0 0

95 9901 + 900y —rsm(go)% + rcos(cp)a—y.
Here we do certain standard abuses of notation. First, the letters r, ¢, z,y repre-
sent functions when preceeded by a 0, otherwise they are numbers (obtained by
evaluating these functions at the point p). Second, we have omitted the “|,”
the vectors and the evaluation at (r,¢) for the partial derivatives.

on
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2.0.1 Differential of a C* map between manifolds

Now that we have tangent spaces, we can define the differential of a C* map.

Definition 2.0.6. The differential transformation (or differential, for short)
of amap f: M — N that is C* at a point p € M is the linear operator

Dpf : TpM — Tf(p)N
[, 0,0] = [f(0),9, Doy F15(v)]:

where ¢, ¢ are charts of M, N defined at the points p, f(p) respectively, and
f]w =)o fop ! is the local expression of f with respect to the charts ¢, 1.

If fis C* everywhere, the union of the maps D,f for all p € M is a map
Df:TM — TN, also denoted f, and called the pushforward by f.

Note that D, f is well defined (independent of ¢, ) and linear. To see that it is
well defined, we compute twice

Dpf : )f = [p7 (P7U} = }: [f(p)71£aw = sz(p)f”é(v)]
Dpf: X=[p,30 = Y =[f(p),d,@= Dy fls).

and verify that X = X implies ¥ = Y. That is, we must check that v o=
D) (@) (v) (or, equivalently, v = D) (92~ 1)(0)) implies @ = Dy (Y0~ 1) (w).
This follows from the equation f]z = (wlb_l)f]g(go@'_l) by the chain rule (in its
Euclidean version).

The linearity of D, f follows from the linearity of D) f ]Zﬁ

The chain rule has the following version for maps between manifolds.

Proposition 2.0.7 (Chain rule). If f : M — N is C¥ at some point p and g :
N — L is C* at f(p), then go f is C* at p and has differential

Dy(go f) = Dyspyg © Dpf.

In particular, for a diffeo f, the differential D,f is a linear isomorphism whose
inverse is Dy, (f1). (Erercise.)

Example 2.0.8 (Derivative of a chart). Let M be an n-dimensional C*-manifold,
let p e M, and let o : U — V be a chart of M defined at p. Then we have

0

Dy( 0

) = €ilgp) € TorpR™
p

1

To see this, using the local expression <p\igv =idy op o ™" = idy we compute

Dp(

) = D(p[p, @, ei]

Ot »

= [Qp(p)’idVa Dgo(p) (90|$1V)(6’L))] = [@(p)a idy, ei] = €i|P € TpRn

Example 2.0.9 (Velocity of a curve). For a differentiable curve v : I C R —
M on a manifold M, we define its velocity vector at an instant ¢ € I as the
vector ¥/(t) := Dyy(1]¢) € TyyM where 1| represents the element [t,idr, 1] of T;T
according to the identification 7' = I x R given in Remark

Exercise: Show that for any vector X € T'M there is a curve v : (—¢,¢) — M such
that 7/(0) = X.
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Tangent vectors as derivations

Definition 2.0.10. A derivation on a C* differentiable manifold M at a point
p € M is a linear function D : C¥(M,R) — R satisfying the Leibniz identity

D(fg)=D(f)g(p) + f(p) D(9).

The set Der,M of derivations on M at p is a vector space with the operations

(D + E)(f) := D(f) + E(f),
(AD)(f) == A(D(f))

defined for D, E € Der,M and X € R.
Each vector X € T, M induces a derivation Dx € Der, M defined by the formula
Dx(f) := Dpf(X) € Ty,R=R.
(Here we use the identification of Remark [2.0.3).

Proposition 2.0.11. The map v, : X € T,M — Dx € Der,M is a linear
injection. (Ezercise.)

Therefore we may identify a tangent vector X with the derivation Dx and write
X(f) := Dx(f). In fact, the map v is bijective if M is smooth (see e.g. [Leel3,
Prop. 3.2]). Therefore in some books (e.g. |Leel3]), the tangent space T,M of a
smooth manifold M is defined as the vector space of derivations at p. Here we do
not use that definition because it does not work for non-smooth manifolds (i.e. C*
manifolds with k < o).
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Tangent vectors as derivations

In this chapter we give an alternative definition of the “tangent space” using deriva-
tions. This second definition is equivalent to the one given in the previous chapter,
but is more similar to the one used in most books (e.g. Lee’s book [Leel3]).

In more detail, for a point p of a differentiable manifold M, we will consider first
a vector space Der, M of derivation operators (or derivations, for short) and then
we will define the tangent space T,M as a certain subspace of Der, M. Tangent
vectors are the derivations that correspond (via a chart) to a derivation defined
by a vector of R". Equivalently, tangent vectors are those derivations that can be
expressed as the velocity vector of a curve.

The objects that we will define are analogous to those defined in the previous
chapter (except that the differential of a function will be called “tangent map”).
The plan is the following;:

(1) For each Ck-differentiable n-manifold M and each point p € M, define a

vector space T,M ~ R", called the tangent space of M at p.
(2) For each C¥ map f : M — N and each point p € M, define a linear map
Tpf : TyM — T,N called the tangent map of f at p.
If the manifolds M, N are open subsets of R™, R™ respectively, then the map
T, f will be essentially equivalent to the differential transformation studied in
calculus courses, that is, the unique linear map D, f : R™ — R" which gives the
first-order approximation

flp+v) = f(p) + Dpf(v) +r(v)
r(v)
I

WhereT‘—>0anu—>0.

Motivation for definition of tangent vectors Let M be a C¥ manifold M with
k> 1 and let p € M. We want to have a vector space T, M of vectors tangent to
M at p. How can we define the notion of a “tangent vector”?

For example, let v : I C R — M be a differentiable curve such that «(0) = p.
This curve should have a “velocity vector” X at the instant ¢ = 0, which should be
vector tangent to M at p. This object X should tells us the direction and speed of
movement of y(¢) at time ¢t = 0. How can we measure this “direction and speed” ?

Idea: take a function h € C*(M,R). The composite h o~y is a function I — R
that is differentiable at ¢ = 0, and the number number (ho~)’(0) tells us something
about how ~ is moving at ¢ = 0. If we know this number for all functions h, let
us agree that we know the velocity vector X completely. Therefore we propose to
define the velocity vector X simply as the function h +— (h o )’(0). This function
has certain algebraic properties that make it a derivation.

Definition 2.0.12. A derivation operator (or derivation, for short) on a C-
differentiable manifold M at a point p € M is a function X : C*(M,R) — R that
is R-linear, that is, such that

X(a-g+b-h)=a-X(g)+b-X(h) for g,heC’M,R) and a,bcR,
and satisfies the Leibniz identity

X(g-h)=X(g) - h(p) +g(p) - X(h). (2.2)
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The set Der, (M) of derivations on M at p is a real vector space: for X,Y € Der, M
and a,b € R we define the derivatiorﬂ aX +bY € Der, M by the formula

(a-X4+b-Y)h):=a-X(h)+b-Y(h).
We also define the set Der M := HpeM Der, M.

Before getting to the derivations that we are interested in (namely, those we’ll
call “tangent vectors”), let us prove some properties of general derivations.

Proposition 2.0.13. Consider any derivation X € Der, M at a point p of a ck-
diferentiable manifold M. Then for all functions g,h € C*(M,R) we have:

(a) If h is constant, then X (h) = 0.
(b) If both g and h vanish at p (i.e. g(p) = h(p) =0), then X(g-h) =0.
(¢) Locality: If g = h on a neighborhood of p, then X (g) = X (h).

Proof. To prove [(a)] since X is linear, it suffices to show that X (h) = 0 if h = 1.
And indeed, in this case we have

X(h) = X(h*) = X (h) - h(p) + h(p) - X (h) = 2X (h)

which implies X (h) = 0.
Fact @ follows from the Leibniz identity.

To prove since X is linear, it suffices to show that X (f) = 0 if f = 0 in some
open neighborhood U of p. Let i : C*(M,R) be a bump function that is constantly
1 on the closed set M \ U and whose support is contained in the open set M \ {p}.
Note that f-n = f, therefore X(f) = X(f-n) = 0 since f(p) =n(p) =0. O

One first example of derivation is the one we already mentioned: velocity vectors.

Definition 2.0.14. The velocity vector of a curve v: I C R — M at an instant
t € I (where 7 is differentiable) is the derivation Vel,(t) € Der, ) M defined by

Vel (t) : CF(M,R)
h

R
(hoy)'(t).

Let us check that the function X = Vel, (o) is indeed a derivation on M at the
point p = 7(tp). For a function h € C¥(M,R) we denote h, := h o~y € C*(I,R).
The fact that X satisfies the Leibniz identity for functions g, h € C*(M,R) follows
from the Leibniz identity for the single-variable functions g, h, : I — R (that you

%
—

already know from calculus):

X(g-h)=(g-h),(to) = (gy - hy)'(to) = g-,(t0) - hy(to) + g+ (to) - I, (t0)
= X(g) - h(p) + g(p) - X(h)

The fact that X is R-linear can be proven in a similar way (exercise).

Remark 2.0.15. The velocity vector Vel,(t) is sometimes denoted +/(¢), but it is
different from the usual 7/(¢) defined for a curve in R™, because it also contains the
information of the point v(¢) where the derivation is located.

Exercise: If v, § are differentiable curves in R", show that Vel (t) = Velg(t) if and

only if y(t) = B(t) and ¥/ (t) = B'(¢).

!Exercise: check that a- X +b-Y is indeed a derivation and convince yourself that these operations
make Der, M a vector space.
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Another kind of derivations are vectorial derivations (also known as directional
dem’vationsE[). Before considering general manifolds, let us recall how these deriva-
tion operators are defined on an open subset of R™.

Definition 2.0.16. A vectorial derivation at a point p of an open set U C R™
is a derivation d,, € Der, U determined by a vector v € R" by the formula

6pw: CHUR) — R

o = D), (23)

where Dj,h : R™ — R is the differential operator of h at the point p.

Note that d,,, is a derivation; in fact, it is the velocity vector at time ¢ = 0 of any
curve v : (—e,e) — U satisfying 7/(0) = p and 7/(0) = v. (For example, the curve
v(t) = p + tv.) Indeed, if 7 is such a curve, then for any function h € C¥(U,R) we
have

0pw(h) = Dph(v) = Dph(v'(0)) = (ho7)'(0) = Vel,(0)(h).

The definition of vectorial derivation can be adapted to a general manifold by
using a chart.

Definition 2.0.17. A vectorial derivation on a C* differentiable n-manifold M
at a point p € M is a derivation of the form

Sppw: CE(M,R) — R

b o Dypy(hod ) (2:4)

where ¢ is a chart defined at p and v € R™. The triple (p, ¢, v) is called a coordi-
nate expression of d, ¢ .

A tangent vector to M at p is the same thing as a vectorial derivation on M
at p.

The tangent space of M at p is the set T,M C Der, M of vectors tangent to
M at p. (We will show that T, M is in fact an n-dimensional subspace of Der,, M)

The tangent bundle of M is the set TM := HpEM T,M.

Exercise 2.0.18. Prove that tangent vectors are derivations indeed. In fact, tan-
gent vectors are the same thing as velocity vectors. That is, every tangent vector is
the velocity vector of some curve, and every velocity vector can also be expressed
as a vectorial derivation.

Remark 2.0.19 (Domain of tangent vectors). Although the “official” domain of
a tangent vector X € T,M is the set Ck(M, R), in fact we can apply X to any
real-valued h that is defined on a neighborhood U of p and is differentiable at p.
The number X (h) is defined using the same formula that we would use for a
function h € C¥(M,R).

Remark 2.0.20 (Locality of tangent vectors). It is also clear from the definition
that the number X (h) depends only on the values of h near p. Thus if two functions
g, h coincide on a neighborhood of p, then X (g) = X (h). (We have already shown
in Proposition that this is a property of general derivations, but in the case
of vectorial derivations it is especially evident.)

2T don’t like saying “directional” because it suggests that the derivation depends only on the
direction of the vector, and not on its size.
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Let us show that the tangent space T,M of an n-dimensional differentiable
manifold M at any point p € M is an n-dimensional vector space, as promised.
We defined T,M as a subset of Der, M, which is itself a vector space (with the
obvious operations that we already defined). Thus we need just show that T, M is
an n-dimensional subspace of Der, M, and we will do so by showing that T, M is
the image of an injective linear transformation R" — Der, M.

Proposition 2.0.21. Let M be a C*-differentiable manifold and let p € M. Then
for any chart ¢ of M defined at p, the map

tpp: R"™ — Der, M
v Opow

is a linear isomorphism onto its image, which is the tangent space T, M. In con-
sequence, T, M is an n-dimensional subspace of Der, M.

In other words, any single chart ¢ defined at p allows us to express all tangent
vectors X € T, M in the form X = ¢, 4 ,, with the vector v € R" being unique for
each X.

Proof. To show that ¢, 4 is an isomorphism we develop some formulas that will be
useful elsewhere.

Lemma 2.0.22. Any tangent vector X = 0,4, € T,M applied to a component
function ¢ of the chart ¢ gives

X (4% =2t (2.5)
In consequence, v, 4 15 injective.

Proof of lemma. Note first that ¢* = 7’ o ¢, where ¢ : R® — R is the projection
on the i-th coordinate, defined by 7(z) = 2°. Using this, we can compute

X(¢') = Dp(¢' 0 ¢71)(v) = Dp(n')(v) = 7' (v) = v

Here we used the fact that D,(7%) = 7 since 7’ is linear.

Note that the functions ¢ are not in the “official” domain C*(M,R) of the
operator 0y, 4 ,, because they are defined on U C M (the domain of ¢) rather than
on the whole manifold M. However, we can construct functions 51 € C*(M,R)
that coincide with ¢’ on a neighborhood of p. (For example, using bump functions;
recall Lemma ) Using the functions 51 instead of ¢’ we obtain an analogous
formula X (¢') = v'. This formula allows us to recover the components of the
vector v € R" from the derivation d, 4 ,. It follows that the map ¢, 4 : v = 0p ¢, is
injective. ]

Lemma 2.0.23. For any two charts ¢,v defined at p, and for any two vectors
v,w € R”, we have

Oppw = Opypw =  w= Dyg)(¢o ¢ (v) (2.6)
< v = D¢(P) (gf) o wil)(’w)

In consequence, the map p ¢ is surjective onto TpM.

Proof of lemma. Note first that the two equations on the right are equivalent since
the linear transformations Dy, (% o 1) and Dy (¢ o ¥~1) are inverse of each
other.
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Suppose first that these equations hold. Then for any function h € C*(M,R) we
have

Spapw(h) = Dypy(ho ™) (w)

= Dw(p (ho ™) (Dy( (0 ¢7)(v))
(oo ) (v)
- 5p,¢>,v(h)-

It follows that ¢, 4 is surjective onto T,M, since any vector X € T,M is of the
form X = 0, for some chart ¢ and some vector w € R", and we can obtain
tp.s(v) = X by putting v = Dy (d oy~ (w).

Finally, suppose that 6, 4, = )4 . We have already shown that this equation
holds when v = Dy (¢ 0 1) (w), and it cannot hold for any other value of v
because the map 4 : v+ 0p ¢, is injective by Lemma [2.0.22} We conclude that

v = Dy (po™")(w). O

This finishes the proof that ¢, 4 is an isomorphism, and hence T,M ~R". [J

Remark 2.0.24. Lemma [2.0.23] shows that a tangent vector X € T,M can be
thought of as an equivalence class of triples (p, ¢, v) (where ¢ is a chart of M and
v € R™) under the equivalence relation

(pa¢7U>N(p7¢aw) <~ w = D(b (¢O¢
—  v=Dyp(poy ) (w)

This is another way to define tangent vectors, equivalent to ours.

Example 2.0.25 (Tangent bundle of an open subset of R™). Recall that any open
set U C R” is naturally a C* differentiable manifold with an atlas consisting of
the single chart idy. This single chart is sufficient to express all tangent vectors,
by Proposition That is, all tangent vectors X € TU are of the form
X = dpidy v, With p € U and v € R". Thus there is a natural identiﬁcationlﬂ

TU = UxR"®
5p,idU,'U < (p7 U)’
Note also that the operator d,;q,,», coincides with the operator ¢,, of Defini-

tion[2.0.17] therefore the two definitions of “vectorial derivation” (2.0.17|and[2.0.16|)
are equivalent for an open set U C R".

2.0.2 Pushforward and tangent operators

Any differentiable map between manifolds induces a map on derivations called the
pushforward operator.

Definition 2.0.26 (Pushforward of derivations). The pushforward operator of
a CF-differentiable map f : M — N at some point p € M is the linear map

felp: Derp M — Der s,y N
X = (heC¥N,R)~ X(hof) €R).

The union of the operators f,|, over all points p € M is the pushforward map

foi= H f«lp : Der M — Der N.
peEM

3We write A = B when there is a natural isomorphism between two objects A, B.
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Example 2.0.27. Each derivation ), 4, of Definition 2.0.17] is the image of the
derivation d4(p) ,, of Definition |2.0.16| by the pushforward operator of the map ot
at the point ¢(p). (Check it!)

The tangent operator of a differentiable map is obtained by restricting the
pushforward operator to tangent vectors.

Definition 2.0.28. The tangent operator of a C¥ map f : M — N at a point
p € M is the map

Tpf: TpM — Ty, N
obtained by restricting the pushforward map f,|, : Der, M — Der fp) V-

The tangent map of f is the union of the tangent operators T), f over all points
peM,
Tf:= [[ Tpf: TM — TN.
peEM

To show that the tangent operator T, f is well defined, we have to verify that
the pushforward operator f,|, indeed maps tangent vectors to tangent vectors (or,
equivalently, it maps velocity vectors to velocity vectors).

Proposition 2.0.29 (Local expression of the tangent operator). If f : M — N is
differentiable at a point p € M, then for any tangent vector 6y, ¢, € TpM and any
chart ¢ of N defined at f(p) we have

Felp(pow) = Ogpy g where  w = Dyg (fI9)(v). (2.7)

Proof. For any h € C*(N,R) we have

(f*‘p 5p,¢>,v)(h) = ‘5p,¢7v(h f)
= Dy (h f 67 ")(v)
= Dy (h ™) (D) (v £ 671 ()
= 0f(p)ww(h).

O]

Proposition 2.0.30 (Pushforward of velocity vectors; exercise). Let f: M — N
be a CF-differentiable map, and let v: I CR — M be a curve that is differentiable
at some instant to € 1. Then f.(Vel,(ty)) = Velroy(to).

Remark 2.0.31. The tangent transformation T,f : T,M — Ty N can in fact
be defined for any function f: U C M — N that is defined on a neighborhood U
of p and is differentiable at p. This follows from Remarks[2.0.19| and [2.0.20 (check
it!).

Example 2.0.32. For a C* differentiable map f : U — V, where U C R™, V C R”
are open sets, the tangent operator T, f : T, U — T,V is essentially equivalent to
the differential D, f : R™ — R" because for all vectors X € T,U (which can be
written as X = dp,, with v € R™) we have

T, f(X) = Tpf(0pw) =0pw where w = D,f(v).

The chain rule that you know from calculus also holds for maps between mani-
folds.

Proposition 2.0.33 (Chain rule; exercise). Let f : M — N and g : N — L be
maps between differentiable manifolds.
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1. If f and g are differentiable at points p € M, f(p) € N respectively, then the
composite map g o f is differentiable at p, and

Tplgo f) = Typygo Tpf. (2.8)

2. For any point p € M we have Ty idy = id 1, n-
3. If f is a diffeomorphism, then T,f is a linear isomorphism with inverse
Trw)(f .

2.0.3 Classical notation for tangent vectors

Here we could do the same as in the last chapter.

Given a chart ¢ of M at p, define a basis of T, M consisting of vectors a%i =

P
5p7¢76i'
. k 0 _ 9
Note that for any function f € C*(M,R) 35 pf = 9 lg(p) flg(x).
The vector 8‘; is the velocity vector at ¢ = 0 of a curve v;(¢) that satisfies
P

& (i(t) = ¢ (p) + (51775. That is, along this curve 7;(t) the i-th coordinate increases
at unit speed while the other coordinates remain constant.

One can prove that -2

9 (¢) = 5? and also give the coordinate change formula.
p

2.0.4 General derivations*

If M is a smooth manifold, then the space Der, M contains no other derivations
than the tangent vectors (see exercies). Thus one can define the tangent space T, M
of a smooth manifold M simply as the space Der, M of derivations. However, if
M is a C¥ manifold with & < oo, then the space Der, M is infinite dimensional (see
exercises).
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3 Submanifolds

Let us start with a short motivation. The “bent line” in R?, defined as C' = {(x,y) €
R? | 2y = 0,2 > 0,y > 0}, is intuitively not “smoothly contained” in R2. It is
topological submanifold of R? because, when endowed with the subspace topology,
it is homeomorphic to R. Moreover, it follows that C' can be given the structure of
a smooth manifold (using a single-chart atlas), but the smooth structure does not
“agree” with the ambient one; the bent line is not a smooth submanifold of R%. To
make this precise we need a few definitions:

Definition 3.0.1. Let f : M — N be a CF-differentiable map between manifolds
of respective dimensions m, n.

We say that f is submersive at a point p € M if T),f is surjective. If this holds
for all points p € M, then f is a submersion.

We say that f is immersive at a point p € M if T, f is injective. If this holds
for all points p € M, then f is an immersion.

We say that f is an embedding if it is an immersion and also a topological
embedding (i.e. a homeomorphism onto its image, the latter being endowed with
the subspace topology). Its image is called a C*¥ embedded submanifold of N
(or a C* embedded m-submanifold, to highlight its dimension).

The rank of f at a point p € M, denoted rank, f, is the rank of the tangent
operator Tpf. If f has the same rank k at all points (“constant rank”) then we
write rank f = k.

So to sum up, a C¥ map f : M — N is a submersion iff rank f = n = dim N
and is an immersion iff rank f = m = dim M. In both cases the tangent operator
T, f has maximal rank for all points p € M EI Note that the set of points where f
has maximal rank is open because the rank is an upper semicontinuous function:
if £ = rank, f, then there is a neighborhood of p where f has rank > k.

Example 3.0.2. The standard immersion |} : RF — R™, defined for k < n, is

the map
(202 e (20, 2 0,...,0).

This is also a smooth embedding.
The standard submersion 7%, = R™ — R*, defined for m > k, is the map

Example 3.0.3. e A smooth curve v : J — M, where J C R is an open
interval and M is a smooth manifold, is an immersion iff 7/(t) # 0 for all
t € J. For example, the curve on R? given by t ~ (cost,sint), t € R, is an
immersion, but the curve on R? given by t +— (t2,3), t € R, is not.

! A linear map V ~ R™ — W ~ R" has maximal rank if its rank is equal to min{m,n}, which
is the maximum rank that a linear map V' — W can have.
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The bent line C = {(z,y) € R?*lxy = 0, 2,y > 0} is not an embedded
submanifold. In fact, it is not the image of an immersion. (Exercise.)

The inclusion S* — R"*! is a smooth embedding (where we endow S" and
R™*! with the standard smooth structures).

Let M = My x M; be a product of smooth manifolds. Then the canonical
projections 7* : M — M; are submersions.

“The figure 8”: Let J = (—%,2T) and consider the curve

v:J = R% 4(t) = (sin(2t),cost).

It is easy to verify that v is an injective immersion. However, it is not a
homeomorphism onto its image N := v(J) C R? (endowed with the sub-
space topology): removing e.g. the point (0,1) = v(0) the set N\{(0,1)} is
connected, but its preimage under v is (=3,0) U (0, 37”) hence disconnected.
Therefore v is not an embedding.

e Irrational line on the torus: Consider the curve in the torus f : R — T2
defined by f(t) = [t,t], where a € R is an irrational number. This map is
an injective immersion, but is not an embedding since one can find a divergent
sequence of numbers ¢; € R such that f(¢;) converges to some point in the
image of f. (See [Leel3, Example 4.20] for more details.)

Example 3.0.4 (Graphs as submanifolds). The graph of a C* map f: M — N,
defined as the set Gray = {(z, f(z)) : € M}, is a submanifold of M x N. Indeed,
it is the image of the graphing map of f, i.e. the map g: M — M x N defined
by g(z) = (z, f(x)), which is an embedding.

To see that g is an immersion we note that for any point p € M, the tangent
operator Tpg : Tp,M — Tpdc(p)(M X N)=T,M x T't() N maps every nonzero vector
v € T,M to the vector Tpg(v) = (v, T, f(v)), which is nonzero because its first
component is nonzero.

To see that the map g is a topological embedding we note that it admits a
continuous retraction, namely, the projection map 7 : M x N — M : (z,y) — =.
(A retraction of g is a left inverse, i.e. a map p satisfying pog = id.) Equivalently,

|Graf

the map g : M — Gray is a homeomorphism because it admits as inverse the

continuous map 7|ara, : Gray — M.

3.1 How to recognize an embedding

Suppose we are given a differentiable map f : M — N between manifolds, and we
have already checked that it is an injective immersion. How can we prove that it is
an embedding 7 This is essentially a topological question: how can we show that
a given injective mapE] is actually a topological embedding ? Here are some ways
to do so:

Proposition 3.1.1. An injective C" immersion f : M — N is an embedding in
any of the following cases:

(a) f is an open map.

(b) dim M = dim N.

(c) f is a closed map.

(d) The domain M is compact.

(e) f is a proper map.

2A map between topological spaces is a continuous function.
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(f) The image f(M) has an open neighborhood W such that the map f|" : M —
W is closed or proper.

Proof. In this case f sends open subsets of M to open subsets of N, which are
clearly also open in the image f(M). Thus f is an open (and bijective) map onto
its image, hence an homeomeomorphism onto its image.

@ In this case f is a local diffeomorphism by the IFT, hence an open map.

Similar to @ replacing “open” by “closed”.

@ A map from a compact space to a Hausdorff space is closed.

@ A proper map is closed if its codomain is Hausdorff and locally compact; see
e.g. [Leel3, A.57] or [LeelOl p. 4.95].

In this case f is the composite of two embeddings: the closed embedding f|"V,
followed by the inclusion map ¢y : W — M, which is an open embedding. ]

Remark 3.1.2. The last case|(f)|is interesting because it gives a general criterion:
for every embedding f : M — N there exists an open neighborhood W of Img( f)
such that f|" : M — W is closed. (Exercise.)

A different, arguably more direct way to check that a C*¥ map f: M — N is an
embedding is by constructing a C* retraction (a.k.a left inverse) of f, that is, a
C* map g : N — M satisfying g o f = idys. In fact, the retraction need not be
defined everywhere; an open neighborhood of the image suffices.

Proposition 3.1.3. Let f : M — N be a C* map. Then f is an embedding if
it admits a C* neighborhood retraction, that is, a C* map g : U — M, where
U C N is an open neighborhood of the image f(M), such that go f =idyy.

Proof. Suppose f: M — N has a neighborhood retraction g : U — M. Then f is
clearly injective. Its tangent operator T, f at any point p € M is injective as well
because

TpidM = Ty(go f) = Typgo Tpf

is an isomorphism. Therefore f is an immersion. Finally, f is a homeomorphism
onto its image f(M) because it admits as inverse the continuous map g|¢apy. O

Note that this is the argument we used in Example [3.0.4] to prove that the
graph of a C" map f : M — N is a C" submanifold of M x N. The graphing
map g : M — M x N : z — (x, f(z)) admits as a retraction the projection
T:MxN—M: (z,y) — .

Remark 3.1.4. This method for showing that a map is a submanifold is also
general in the sense that every embedding f : M — N admits a neighborhood
retraction (defined on a so-called tubular neighborhood of the submanifold f(M)).
We won’t prove that, but we’ll show how to produce local neighborhood retractions,
which are in fact sufficient to prove that a given subset of a manifold is an embedded

submanifold (see Propositions and below).

3.2 Constant rank theorem

Many theorems about submanifolds are based on the inverse function theorem.

Theorem 3.2.1 (Inverse Function Theorem, or IFT). Let f : M — N be a C* map,
where M, N are n-manifolds, and let p € M be a point where the tangent operator
Tpf is invertible. Then f is a local diffeomorphism at p, i.e. there exists
respective open neighborhoods U, V of p, f(p) such that f\g is a C* diffeomorphism.
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In case that M, N are open subsets of R”, this is just the inverse function theorem
that you know from calculus. The general case can be deduced by using charts.
(Exercise.)

A useful generalization (and corollary) of the IFT is the constant rank theorem.

Theorem 3.2.2 (Constant Rank Theorem, or CRT). Let f: M — N be C" map
that has rank k at some point p € M, and let m = dim M and n = dim N. Suppose,
further that f has constant rank k in a neighborhood of p. Then f admits at the
point p a local expression f: f\ﬁ of the form

]?: ﬁQRm — YN/QR"
x (20 ..., 280, ..., 0).

where ¢ : U — (7, YV = V are charts of M, N defined and centered at p, f(p)
respectively. (This means that ¢(p) = Orn and Y(f(p)) = Orn.) Moreover, one can
assume that the chart images are product sets U=W x ﬁ', V=Wx ‘7’, for some
open sets W C R*, U CR™* gnd V! C R,

The hypothesis of constant rank near p is satisfied automatically in the following
cases:

o If f is submersive at p (i.e. if n = k): In this case the chart 1 may be obtained
by restricting an arbitrary chart. Equivalently, if N is an open subset of RF,
one can take 1 = idy, where V.C N is an open neighborhood of f(p).

o If f is immersive atp (i.e. if m = k): In this case the chart ¢ may be obtained
by restricting an arbitrary chart. Equivalently, if M is an open subset of R*
one can take ¢ = idy, where U C M is an open neighborhood of p.

This theorem says that any map of constant rank (in particular, any immersion
or submersion) is locally equivalent to the standard map given in Example m
above. If T, f does not have maximum rank (i.e. if rank, f =: k¥ < m,n), then the
hypothesis of having constant rank k£ near p is hard to satisfy because the rank is
lower semicontinuous but not upper semicontinuous in general. We will prove the
constant rank theorem only in the cases K = m and k = n, which are the most
useful.

Example 3.2.3. If f : V — W is a linear map of rank k£ between topological
spaces V ~ R™ and W =~ R", then there are linear isomorphisms ¢ : V — R™,
¥ : W — R" such that ¢ o f 0 ¢! is a standard map of rank k. (Exercise.)

Before proving the constant rank theorem, let us discuss the situation. We use
the following terminology and notation for a point z = (2°)p<icm € R™. Its
horizontal part is the tuple of its first k-coordinates,

xhor — (xc)’ o 7xlcfl) _ (xi)0§i<k c R[O,k) _ ]Rk,
and its vertical part is the tuple of the remaining coordinates

2 = (2F, 2™ = (2 p<icm € RIFM = RMF,

[0,k) [k,m)

Similarly, for a point y € R™, its horizontal and vertical parts are y and y!®™.

From the constant rank theorem we conclude that the map f \E has the following
features: its image is a k-submanifold of V| and each fiber (i.e. the preimage of a
point of the image) is an (m — k)-submanifold of U. These features are evident in
the local expression f |;f, but they cannot be created by the charts, therefore they

must be already present in the function f |g
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The main job of the chart ¢ is to straighten the fibers of f|}; [ SO that they appear
in the chart image U C R™ as the vertical slices {zl9%)} % U’. For this task, the
first k£ coordinates must be chosen carefully, so that they are constant on the fibers
of f. This straightening is not necessary if k = m (because the fibers are points),
hence we may choose ¢ arbitrarily in this case.

Similarly, the main job of the chart v is to straighten the image of f \E so that it
appears in the chart image 1% C R™ as the horizontal null plane W x {Ogr.n }. For
this task, the last n — k coordinates are the most important; they must vanish on
the image of f]g This straightening is not necessary if k = n (because the image
is an open set, not a submanifold of smaller dimension), hence we may choose
arbitrarily in this case.

Finally, we must ensure that the local expression f |2f maps each vertical fiber

{zh°r} x U to the right point (z"°",0,...,0) of the image. (To see that something
is needed consider a map f : R™ — R” of the form f(z) = (8(z""), Ognx) € R?,
where 0 : R¥ — R” is a diffeomorphism. This map f has constant rank k but it is
not in the standard form, even though its fibers are the vertical slices and its image
is the horizontal null plane.) This third job can be done either by ¢ or by v, but
it must be done by one of the two charts. This is why in the case k = m = n we
cannot choose both ¢ and ¢ arbitrarily.

Proof of the constant rank theorem (for submersions and immersions). Since the the-
orem is local, by taking coordinates we may assume that M, N are open subsets

of R™, R™ respectively and that p = Ogm and f(p) = Ogn. Each point x € M is

a tuple of coordinates = = (:ci)ie[(]’m), and, similarly a point y € N is of the form

Y = (¥)jeo,n)- Since Dpf has rank k, we may assume wlog (by permutting the
indices, if necessary) that the k& x k matrix

Gyj
ozt

Note that if £ = m, then no permutation of the 7 indices is needed, and if k = n,
then no permutation of the j indices is needed.

, where y = f(x), is invertible. (3.1)

p) i€[0,k),5€[0,k)

Case f submersive at p (i.e. £k =n): We define on M near p a coordinate system

¢ by the formula
, . 7o ifj €0,k
2 if j e [k,m)
where y = f(x). The first k& coordinates are defined in the only possible way that
v — f 6 ¢! has the right form, sending u — (Uj)je[o,k)-
The remaining m—k coordlnates are just meant to complete the coordinate system.

To verify that this correspondence z — u really defines a chart ¢ on a neighborhood
of p, we check that its differential D,¢ is invertible. And indeed, the matrix

. oyl
J =

8u‘ _ ( oz x:p)jeg
i

O x=p ) jEM =

iEM 0 Lﬂ—k
is invertible because the block <8yd ) - by the hypothesis (3.1)). Thus by the
x=p ) j€

ensures that the map f \

ox?

ick B
IF'T, there are respective open neighborhoods U C M, U C R™ of p, ¢(p), such
that the restriction qﬁ\U is a diffeomorphism. Moreover, by shrinking the sets U, U
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we can ensure that U = W x U’, where W C R¥ and U’ € R™* are open sets.
On the manifold N we choose the chart ¢ = idg;.

Note: The fact that we were able to put ¢ = idj; means that when M is a general
manifold (instead of an open subset of R™) we can obtain 1 as the restriction of
an arbitrary chart.

Case [ immersive at p (i.e. K =m): Note that the horizontal part of f, i.e. the
map 0 : x — f(z)"", is a diffeomorphism when restricted to a suitable domain and
codomain (respective open neighborhoods of p and f(p)"*" in R¥). This follows
from condition by the IFT.

We define on N near f(p) a coordinate system ¢ by the formula

{ashor(y) —z
¢U€7‘(y) — y’Ue’I“ _ fveT‘(&)

where z = 0! (y"°"). For a point y = f(z) we have
=01y =071 (" (2)) = 071 (8(2)) = =,

therefore the coordinates ¢(y) have the expected behaviour: the horizontal part
é(y)"°" equals x, while the vertical part vanishes:

P(y)™" = f2)*" = f*"(z) = 0.

Therefore the map f |:/é =1 o f sends z — (z,0), as required.

To ensure that 1 is a chart on a neighborhood of f(p), we verify that its differ-
ential D, ¢ is invertible. And indeed, its matrix of partial derivatives

o ) ((3n)
- — Y y:f(p) Zgg
Ay’ y=f(p)/ icn .
JjEN
oz’

* In—k
is invertible. This follows because the matrix (

By > , which represents
y:f(p) ick,jck

the linear transformation Dy,)0~ " = (D,0)~!, is invertible. Thus by the IFT,
there are respective open neighborhoods V' C N, V C R"™ of f(p), v(f(p)), such
that the restriction qﬁ]v is a dlffeomorphlsm Moreover, by shrinking the sets V V
we can ensure that V = W x V’ where W C R* and % C R™* are open sets. On
the manifold M we choose the chart ¢ = idy;.

General case* (i.e. £k < m,n) Here one can combine the two constructions. If
interested, you can take it as an exercise or read the proof e.g. on p. 42 of Spivak’s
“Comprehensive introduction to Differential Geometry”, volume 1. O

3.3 Some properties of immersions and embeddings

3.3.1 Local properties: slices and retractions

The following corollary of the constant rank theorem says that for any immersion
f: M — N, if we restrict f to a sufficiently small neighborhood U of any point
p € M, its image f(U) looks like a “slice” of some open set V' C N. This implies
that f has a local retraction and is locally an embedding.
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Lemma 3.3.1 (Slice property (and local retractions) for immersions). Let N be
an n-manifold and let f : M — N be an immersion with dim M = k. Then for
each point p of M there exists a chart ¥ : V — 1% of N and an open neighborhood
U of p such that

fU)={qeV :4Fq) = =¢"""(q) =0},

and such that the map f]g is an embedding and has a C* retraction p:V — U.

Proof. By the constant rank theorem, the map f admits at the point p a local
expression f = f|¢ of the form f(z) = (20,...,2%71,0,...0), where ¢ : U — U,
v:V = V are charts of M, N defined at the points p, f(p) respectively. Moreover,
we can assume that V = U x V’ where V/ C R"* is an open neighborhood of
Ogn—k. It follows that f(U) = U x {Ogn—«} and hence

FU) =47 (U x {0ga-s}) ={g € V: 9¥(g) = --- = 4" (g) = 0}.
To construct the retraction p, consider the projection map

. V=UxV' = U
(x,y) — =

There is a unique map p : V' — U that has local expression p\ﬁ = 7, namely, the

map p=¢ 'omor: V — U. This map p is a C" retraction of f]g The existence
of this retraction implies that f]g is an embedding by Proposition O

We have shown that f(U) is a slice of V, but note that the set f(M \ U) may
also intersect the set V. (Exercise: Find an example (i.e. an immersion f and a
point p) such that this happens for any V'.) However, this situation can be avoided
if f is an embedding.

Proposition 3.3.2 (Slice property for embedded submanifolds). Let S be a the
image of a C" embedding f : M — N, and let k = dim M and n = dim N. Then
each point of S is contained in the domain V of a chart ¢ that is k-sliced by S,
meaning that

SNV ={qeV:¢'g)=---=¢""(g) =0} (32)

Proof. Take a point gy = f(po) € S. By Lemma there exists a chart ¢ of M
with domain V’ and a neighborhood U of py such that f(U) = {q € V' : ¢*(q) =

- =" 1(q) = 0}. Since f(U) is open in S, we can write f(U) = SN V" using
some open set V' C M. But since f(U) C V', we have f(U) = SNV, and therefore

SNV =fU)={qeV :¢"q) = =¢"""(q) =0}

3.3.2 The initial property
Recall that topological embeddings have the following ¢nitial property.

Proposition 3.3.3 (Initial property of topological embeddings). If a continuous
map f : X — Y between topological spaces is an embedding, then any function
h:Z — X (where Z is a topological space) is continuous if the composite f o h is
continuous.

A C" immersion has a similar property that allows us to show that a continuous
function is C".
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Proposition 3.3.4 (Initial property of immersions and embeddings). Let f : M —
N be a C"-differentiable map, and let L be another C" manifold.

(a) If f is an immersion, then any continuous map h : L — M is C" if the
composite foh is C.

(b) If f is an embedding, then any function h : L — M is C" if the composite
fohisCr.

The proof is based on the fact that an immersion admits local retractions.

Proof. @ Suppose that f is an immersion and that h : L — M is continuous at
some point z € L, and the composite f o h is C" at some point z € L. Let us show
that h is C" at z.

Let U C M and V C N be open neighborhoods of the points h(z) and f(h(z))
such that f(U) C V and the map f|}; has a C" retraction p : V — U. Thus we
have po f|}; = idy. Note that the set W = h~!(U) is a neighborhood of x since h
is continuous at z. Thus we can write

hfy = idy ohlfy = (po fI;) o bl = po (f o h)|iy-

This factorization shows that h is C" at the point z, since foh is C" at z and p is
C" everywhere.

@ Now suppose that f is a C" embedding and that h : L — M is any function
such that the composite foh is C". Since f is a topological embedding, the function
h is continuous by Proposition Since f is an immersion, the map h is C" by

part @ ]

3.3.3 Consequences of the initial property

e If two embeddings fy : My — N, fi1 : M1 — M have the same image, then
they are equivalent in the sense that there is a diffeomorphism ¢ : My — M;
such that f; o g = fo. (Exercise.)

e If S is an embedded submanifold of M, then there is a unique topology and
smooth structure on S such that the inclusion map S — M is an embedding.
(Exercise.)

This allows us to define the tangent space of an embedded submanifold.

Definition 3.3.5. The tangent space of an embedded submanifold S of a dif-
ferentiable manifold M is the subspace T,,S C T,M defined as the image 7,5 =
Img(T's-1(,) f) of the differential of any embedding f : N — M whose image is 5.

This subspace is well defined (i.e. independent of f). This follows from the fact
that all the embeddings with image S are equivalent. (Exercise.)

3.4 How to recognize an embedded submanifold

Sometimes we are just given a subset S of a manifold M, and we have to determine
whether it is an embedded submanifold or not. There are several ways to do so.

Proposition 3.4.1. Let S be a subset of a C" manifold M, and let k < n = dim M.
The following are equivalent:

(a) S is a C"-embedded k-submanifold of M.

(b) Local embedded submanifold: Each point of S has an open neighborhood W
in M such that the set SNW is a C"-embedded k-submanifold of W.
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(¢) Local slice: Each point of S is contained in the domain W of a chart ¢ of M
that is k-sliced by S.

(d) Local retract: Each point of S has an open neighborhood W in M such that
the set SNW is the image of a C" map ¢ : U — W (where U C RF is an
open set), which in turn admits a C" retraction p: W — U.

Proof. [(a)] = [(b)] Trivial: take W =M.
@ = |(c)| This is Proposition
:> Same proof as @ = |(c) .

- @

Let p be a point of S, and let ¢ : W — 1% be a chart of M, defined
at p, that is k-sliced by S. By shrinking the sets W and W we may assume that
W=0Ux V for some open sets U C R* and 1% C R™*. The slice condition implies
that

SAW =4 (U x {0}).

Consider the projection map m : UxV = U : (z,y) — z and its section
c:U—=UxV:zw— (z,0). Note that 7o o = id.

Now we use the diffeomorphism ¢ : W — W to transport the maps m and p from
the Euclidean set W C R™ to the manifold subset W C M. That is, we define the
C" maps ¢ = loo: U — W and p=mop: W — U. Clearly p is a retraction
of ¢, that is, we have p o ¢ = idy. The image of ¢ is the set

Tmg(¢) = ¢~ ' (Img(0)) = ¢~ (U x {0}) = SN W.

@ = @ Suppose S is covered by open sets W; such that each set V; := SN W;
is the image of a C" maps ¢; : U; — W; admitting a retraction p; : W; — Uj.

Let us show that S admits a structure of k-dimensional C" manifold such that
the inclusion map tg : S — M is a C" embedding. The only topology we may put
on S (so that tg a topological embedding) is the subspace topology. This topology
is Hausdorff and second countable.

Let us construct a C" atlas on S. The maps ¢; and p; of course satisfy p; o ¢; =
idy,. Composing in the other order we get a map ¢; o p; that fixes the image of ¢;,
which is the set V;. Therefore the continuous maps

¢ = ¢il" Ui > Vi, = pilv, Vi o Us

are inverse of each other. The maps p; form a C" atlas of S since the transition
maps
pioﬁj_l =D;0¢; = pio ¢,
are C".
The inclusion tg : S — M is an immersion because composing with each local
parametrization ¢; we obtain a map g o ¢; = ¢; that is a C* immersion, since it
admits a C¥ retraction. O

Example 3.4.2. A subset S C R" that can be locally expressed as a graph of
a C" function (with some n — k coordinates expressed as a function of the other
k coordinates) is a k-submanifold of R™ because it satisfies condition @ since
graphing maps admit projections as retractions. This is essentially what we used
to construct the manifold structure on the sphere S*~1.

3.5 How to produce a submanifold as a level set

Definition 3.5.1. Let f : M — N be a C*-differentiable map. A point ¢ € N is
called a regular value of f if T, f is surjective for all points p € f —L(q).
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Theorem 3.5.2 (Regular preimage theorem). Let ¢ be a regular value of a C"-
differentiable map f : M — N, and let m = dim M, n = dim N. Then the set
S = f~Y(c) is a C"-embedded submanifold of M of dimension k = m —n. Its
tangent space at any point p € S is TS = Ker( T, f).

Proof. We will use the constant rank theorem to show that S fulfills the “local
slice” condition of Proposition therefore S is a submanifold.

At a point pg € S the map f is submersive, therefore by the CRT it admits at
the point pg a local expression f* f\g of the form f( )= (2F, ..., 2™ )
¢ U — U vV = V are charts of M, N defined and centered at the points
po, f(po) = c respectively. In addition, we may assume that U =V x U’ where

, where

U’ CR™ ™ is an open set.

Note that 1(c) = 0. Thus for a point p € U, denoting = = ¢(p) € R, we have
p € Siff f(p) = ciff f(:z:) = 0 iff the last n coordinates z*, ..., 2! vanish. In
other words, the chart ¢ is k-sliced by S = f~!(¢). Since we can find such a chart
¢ for any point py € S, we conclude that S is a C"-embedded k-submanifold of M.

Tangent space: exercise. ]

3.6 Whitney’s theorem*

Theorem 3.6.1 (Whitney). Every compact C¥ manifold M can be C* embedded
m R™ for some m.

Proof. Let n = dim M, and denote B(r) = {x € R" : ||z|| < r} for r > 0. Since M
is compact, there is a finite family (¢;);cn of charts ¢; : U; — B(2) such that the
open sets B; := ¢; ' B(1) cover M.

For each i, take a C* bump function n; : M — [0, 1] with support suppn; C U;
such that n; = 1 on B;, and define a function f; : M — R™ by

() — ni(z) ¢i(x) if zeU;
fi(x) {0 if z & supp(1;)

Finally, define a C* map f : M — RNtV by
f(@) = ((fi(z))ien, (0i(x))ien)-

We claim that f is an embedding.

f is an immersion because each f; is immersive on B;, since it coincides with the
chart ¢;.

f is injective: suppose that f(x) = f(y). Take some ¢ such that x € B;. Then
ni(x) = 1, and therefore n;(y) = 1. But then z,y € U; and we have ¢;(z) = fi(z) =
fi(y) = ¢i(y), which implies that z = y.

Since f is an injective map with compact domain (and Hausdorff codomain), it
is a topological embedding. O
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4 Vector bundles and vector fields

So far we have looked at each of the vector spaces T, M, where p € M, separately.
Their union TM := UpeM T,M is called the tangent bundle of M. It has
a special structure that we will encounter several times and so it is worthwhile
introducing the following definition:

Definition 4.0.1. Let M be a C" manifold. A C" vector bundle of rank k over
M is a C" manifold F together with a C" map m = g : E — M (the projection
map) satisfying
(a) For each p € M, the set 7~ 1(p) =: E, (called the fibre of E over p) is a
k-dimensional vector space.
(b) Each point of M is contained in an open set U C M such that there is a C”

diffeomorphism
d:UxRF 5 77 HU)

(called a local trivialization of E over U) such that for each p € U, ® maps
{p} x R¥ to E, , and the restriction @, : {p} x R¥ = R¥ — E, is a vector
space isomorphism.

We call E the total space of the bundle and M the base space.

Note: When talking about a vector bundle (E, 7), sometimes we omit mentioning
the projection map 7 and we just say that F is a vector bundle.

If (E,7) and (E',7") are smooth vector bundles over the same smooth manifold
M, a vector bundle map (or vector bundle morphism) (E,7) — (E',7)
is a smooth map f : E — E’ such that #’ o f = m and with the property that
for each p € M the restricted map f|g, : E, — Ez/> is linear. A vector bundle
ismorphism is a bundle map that has an inverse.

The product M x R¥ with the standard projection 7 : M x R¥ — M is called
the trivial vector bundle of rank k over M. (This is indeed a vector bundle
since one can take a single local trivialization: the identity map.) A vector bundle
of rank k over M is called trivial if it is isomorphic to the trivial bundle M x R¥.

4.1 The tangent bundle

By this point you are certainly suspecting that the tangent bundle TM of a dif-
ferentiable manifold is a vector bundle. First, let us show that it is a differentiable
manifold.

Lemma 4.1.1. Let M be a C*¥! manifold. Then the tangent bundle TM has
a natural topology and C* structure making it a 2n-dimensional manifold. The
natural projection m: TM — M, which sends X € T,M to p, is a C* map.

Proof. We define the maps that will become our charts as follows: Given a local
parametrization ¢ : U CR” - U C M, let

d: UxR* — 7LU)
(z,0) = [p(x), o],
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or equivalently, in terms of the coordinate vectors of the chart ¢ = =1, ®(x,v) =

> 8?/#’ o) This function @ is a bijection onto its image 7—(U). We define on

TM a topology as follows:
A set AC TM is open <= for each ¢, the set ®1(A4) C U x R" is open

You can check that this is indeed a topology that is Hausdorff and second countable.
(Use Proposition M) Each map ® is a homeomorphism from an open subset
of R™ onto its image, which is an open subset of M. Hence TM is a topological
manifold of dimension 2n.

We show that the collection of maps ® obtained as above from local parametriza-
tions ¢ of M is a parametrization atlas for TM. Let ¢ : U— U, Y V =V be
smooth local parametrizations of M and let @, ¥ be the corresponding parametriza-
tions of TM. Then the transition map is

U lod: o H(UNV)xR" — H~HUNV) x R®
(2,v) = (P o (), Da(p! 0 9)(v))

which is smooth. This formula comes from the fact that if two tangent vectors
O(z,v) = [p(2), ™", 0] and U(y,w) = [Y(y),¥ ", w] are equal, then y = ¢~ 'p(x)
and w = Dy (¢! o ¢)(v).

To check that the projection map m is smooth, just note that its coordinate
representation with respect to the local parametrizations ¢ and @ is 7|} (z,v) =

T. O

The smooth structure defined in the previous proof is called the standard
smooth structure for TM. (Similarly, if M is a C"*! manifold, then TM is
naturally a C" manifold.)

Proposition 4.1.2. The tangent bundle TM with the standard smooth structure
and the standard projection w: TM — M is a smooth vector bundle of rank n over
M.

Proof. Each fibre T,M = n=*({p}), p € M, is a vector space. Given a smooth
local parametrization ¢ : U CR® — U C M, the map

U xR" - o YU)
(p:¢(x)7v> = [a‘pilﬂj}

is a local trivialization of TM over U. O

4.2 Sections, frames, and trivial bundles

Definition 4.2.1. Let (E,7) be a C* vector bundle over a manifold M. A section
of a E is a continuous map o : M — F such that 7 oo = idy. It is C* if it is C*
as a map between manifolds.

If U C M is open it is easy to verify that E|y := 7~ !(U) is again a vector bundle
with the restriction of 7 as its projection map. A C* section of E|y is called a C*
section of E over U.

For example, if (U, ¢) is a chart of a manifold M, then the coordinate vector

fieldsp e U — a%i‘ € T, M are sections of the tangent bundle T'M over U. (The
P

sections of T'M are called vector fields; we will talk about them in next section.)
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Definition 4.2.2. If U C M is open, a local frame for E over U is an ordered
k-tuple (oq,...,0r_1) where each o; is a smooth section of E over U such that
(00(p), - - ,0k—1(p)) is a base for the fibre E, for each p € U. It is called a global
frame if U = M.

Remark 4.2.3. Note that if £ is a rank 1 vector bundle over M, a frame consists
of a single nonvanishing section, i.e. a section ¢ : M — E such that o, # 0 for
all p € M. This is because a basis of a 1-dimensional vector space is the same sing
as a set containing a single nonzero vector.

For the vector bundles we encounter in this lecture we usually write the value
of a section o at a point p as o, := o(p) € E,. Addition of two sections o, T of
E over an open subset U C M is defined pointwise: (o + 7), := 0, + 7. We can
also multiply a section over U by a function f € C°°(U) by defining the operation
pointwise: (fo), := f(p)op. For those who know what it means: this makes the
set of smooth sections of E over U a module over the ring C*°(U).

Proposition 4.2.4. A smooth vector bundle is trivial iff it has a global frame.

Proof. Exercise. O
E.g. the tangent bundle TR" is trivial, since it has a global frame consisting of
the coordinate vector fields p — 8(?ci b

Let us give an example of a non-trivial vector bundle.

Example 4.2.5. (Mobius band) The Mébius band E is the quotient space of R?
under the equivalence relation

(x,t) ~ (2 t) <= 2/ —rx=ne€Zandt = (-1)"t.

We endow E with the quotient topology and one can check that E is Hausdorff
and second countable. We write [z,] for the equivalence class of (z,t) € R? in E.

We want to make E a vector bundle over the 1-torus T' = R/Z. The projection
map will be 7 : E — T! : [z,¢] = [2]. Note that each fibre E; = 7~ ![z] = {[z,1] :
t € R} is a vector space with the operations a[z,t] + o[z, t'] = [z, at + a't'].

Recall the smooth structure of the torus T'. The quotient map x : R — T! : z —
[x] is open, and it is injective when restricted e.g. to any open interval W C R of
length < 1. Consider a family of such intervals W; whose images U; = x(W;) cover
T! (for example, Wi = (0,1) and Wy = (—3,1)). Then the maps s|w, : W; — U;
form a smooth inverse atlas of T! (i.e. its inverse functions W; — U; form a smooth
atlas).

Let us give E a smooth structure. We cover E with open sets
Vi=nYU) = {[z,t] : 2 € W;,t € R}
and we define homeomorphisms
i Wi xR =V (2,t) — [x,1]

These maps form a smooth inverse atlas of E since the transition maps are smooth
(check it!). Therefore E is a smooth manifold. In addition, (F,) is a smooth
vector bundle of rank 1 over T since it admits the local trivializations

ViU x R = Vi ([z],t) = [z, 1]

Proposition 4.2.6. The Mdbius bundle (E, ) is not trivial.
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Proof. Indeed, suppose that E is trivial. Then there is a global frame which consists
of a single nowhere vanishing section o : T' — E.

Note that a smooth section ¢ is of the form o([z]) = [z, f(z)] for some function
f:R = R, and we claim that f is smooth. To see that f is smooth on each interval
W;, we express it as a composite of smooth functions

K a Y ! 1
flw,: Wi — U — Vi — W;xR — R
xr = [z = [zt —  (z,t) — .

Also note that f is “antiperiodic” with period 1, i.e., it satisfies f(z + 1) = — f(x)
because

[z, f(zx)] =0clx] =0z +1]=[z+ 1, f(x+1)] =[x, —f(z + 1)].

Since f is continuous and antiperiodic, by the intermediate value theorem f van-
ishes at some point between x and x + 1. On the other hand, f does not vanish if
o is a nonvanishing section. Therefore there is no nonvanishing section o.

O

4.3 Vector fields

Definition 4.3.1. A tangent vector field (or a vector field, for short) on a
Ck*! manifold M is a function X : M — TM such that

X, € T,M foreachpe M

where X, := X(p).
Its component functions with respect to a chart (U, ¢) are the functions X? :

U — R such that X = ZiXiaZi onU.

We say that X is C¥ at a point p € M if its component functions (w.r.t. any
chart ¢ defined at p) are C* at the point p. (Exercise: it suffices to check just one
chart.) We say that X is C* if it is C* at all points. The set of C* tangent vector
fields on M is denoted X(M).

Equivalently, in terms of vector bundles, a tangent vector field is a section of the
tangent bundle 7 : TM — M, i.e. afunction X : M — TM such that 7o X = idy,.
It is C¥ if it is C* as a function M — TM. (Exercise.)

Addition of two vector fields and multiplication by functions on M is defined
in the natural way, i.e. pointwise: (X +Y), = X, + Y, (fX), = f(p)X, where
feC®(M).

Remark 4.3.2. A vector field over an open subset U C M is a section of TM
over U. In particular, given (U, ¢) a Ck+1 chart, the so-called coordinate vector
fields

0
—:U—= T,M:p+—

dpi o' |,

are C* vector fields over U.

Example 4.3.3. Recall the polar coordinates (r,y) defined on the open subset
U C R? (Example . The coordinate vector field % is a smooth vector field
on U. Writing the vector field in terms of the Euclidean coordinate vectors

0 0 0
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we see that % extends to a smooth vector field on R?, which we denote by the same

symbol %. So while the coordinate ¢ cannot be extended to the whole space R?
as a smooth function, the corresponding coordinate vector field can be extended.

Example 4.3.4. On S! we can define a nowhere vanishing vector field (exercise).
Therefore, the vector bundle TS! is trivial. The tangent bundle TS? is not trivial:
the hairy ball theorem says that there is no nowhere vanishing vector field on S2.

4.4 Integral curves and flow of a vector field

Definition 4.4.1. An integral curve of a tangent vector field X on a manifold
M is a C! curve v : I — M (where I C R is an open interval) such that

’}//(t) = X|’y(t) forall t € I. (4.1)
(Here we use the notation +/(¢) for the velocity vector Vel;~.)

Equation (4.1)) is an ordinary differential equation (ODE) on the manifold M.
In a local chart, it boils down to solving the system of ODEs:

(V) () = X{(v(t), i=0,...,n—1

in R™”. Similarly to ODE’s in R"™, for manifolds there is a theorem of existence and
uniqueness of solutions.

Proposition 4.4.2 (Existence and uniqueness of solutions for an ODE on a man-
ifold). If X is a C! vector field, then for each point p € M there exists a unique
maximal integral curve yx, @ Ix, — M of X that satisfies the initial condition
vx,p(0) = p. Any other integral curve of X satisfying the same initial condition is
equal to vx p,, restricted to a subinterval of Ix p.

This proposition can be deduced from the corresponding proposition in R™. We
will not study the proof.

Definition 4.4.3. The flow of a C! vector field on a manifold M is the function
(PX: HpEMIXJJ — M
(p7 t) = 7X7p(t)7
where vx ,, : Ixp — M is the maximal integral curve of Proposition We also
write ®% (p) := D x (p,t).

Proposition 4.4.4 (Differentiability of flow for an ODE on a manifold). If X is
a C* wector field with k > 1, the flow ®x is a C* map defined on an open subset of
M x R.

This theorem also follows from a corresponding theorem in R™, found e.g. in
Hartman’s ODE book, Thm. 4.1. Again, we skip the proof.

Definition 4.4.5. We say that a vector field X is complete if the flow ®x is

defined over M x R, or equivalently, if every maximal integral curve of X is defined
on R.

Note that a vector field on a compact manifold (or, more generally, a vector field
with compact support) is complete. (Exercise.)

Example 4.4.6. On Euclidean space R", a constant vector field X = a has max-
imal integral curves vx ,(t) = p + ta, defined for all ¢ € R. Hence X is complete.

42



Example 4.4.7. On the line R consider the vector field X given by X, = p? a% ,
P

where ¢ = idg is the identity map considered as a chart with just one component
function ¢ = ¢. Let us find an integral curve  with starting point v(0) = 1. This
means that we have to solve

1
T
t € (—o0o,1), i.e. it goes to infinity in a finite time and cannot be defined for all

As is shown easily by separation of variables, the maximal solution is v(t) =

t € R. Therefore X is not complete.

The notion of related vector fields is useful for transporting solutions of ODE’s
from one manifold to another.

Definition 4.4.8. Let f : M — N be a smooth map. A vector field X € X(M) is
f-related to a vector field Y € X(N) if T, f(Xp) = Yy(,) for all p € M.

The following facts follow from the definition (exercise

(a) X is f-related to Y if and only if X,(f o h) =
h € C*(N,R) and all points p € M.

(b) If X is f-related to Y and ~ is an integral curve of X, then f o+ is an integral

):
f(p)(h) for all functions

curve of Y.

(c) If f is a local diffeo, for every vector field Y € X(NN) there exists a unique
X € X(M) that is f-related to Y. This field X determined by Y is denoted
f*Y. Thus if f is a diffeo, then f-relatedness is a bijection from X(M) to
X(N). In this case, if X is f-related to Y, we write X = f*Y and Y = f. X.

Finally, a nice property of any vector field X is that its aspect near any point p
where X, # 0 is quite standard:

Exercise 4.4.9. If X is a smooth vector field on a manifold M and p € M is a
point where X, # 0, then there exists a chart (U, ¢) of M defined at p such that

Xy = 8%0.
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5 Covector fields, or 1-forms

5.1 Vectors and covectors; superindices and subindices

Let us recall some facts from linear algebra and explain how we use subindices and
superindices in differential geometry. Consider a vector space V ~ R" and its dual
space V*. (Typically, V is the tangent space T, M of a manifold M)

Dual bases A sequence of vectors B = (F;); C V and a sequence of covectors
B' = (¢7); C V* are called dual to each other if

e/(E;) = 6! foralli,j. (5.1)

Proposition 5.1.1 (Dual bases). If a sequence of vectors B = (E;); CV and a
sequence of covectors B = (5j)j C V* are dual to each other, then they are bases
of V and V* respectively. Fvery base B of V has a unique dual base, denoted B*,
and every base B* of V* has a unique predual base B.

Coordinates of a vector or covector Let B = (E;); and B* = (¢/); be dual bases
of V and V* as above. For any vector X € V there exists a unique sequence
of numbers (X?); (called the coordinates of X w.r.t. the base B) such that
X=>,X ‘F;. Similarly, for any covector £ € V* there exists a unique sequence
of numbers (&;); (called the coordinates of { w.r.t. the base B*) such that { =

>_; &€’ Note that
XO
§X)=> &XF = (% &) |
k Xn—l

because

0= (Yo ) (S m) - Se e - Yo
j i 1,3 4,7
Note that we always sum over an index that appears exactly twice: once as a

subindex, once as a superindex.

Proposition 5.1.2 (Coefficients of vectors and covectors). The coordinates of a
vector X =), X'E; € V can be obtained by applying to X the covectors of the
dual base B* = (&7);, that is,

X =£Y(X).
Similarly, the coordinates of a covector £ = Zj &j el € V* are obtained by evaluating
& on the base vectors, that is,

1
Exercise 5.1.3. Draw a picture of V = R? with the vector X = < 1> , and represent
also the covector & = (1 2) by drawing the lines £~!(c) for ¢ = —1,0,1,2, 3, 4.

In general, a good way to represent graphically a nonzero covector £ € V* is by
drawing the hyperplane £71(1).
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5.2 Cotangent vectors

Definition 5.2.1. The cotangent space T;M of a differentiable manifold M at
a point p € M is the dual of the tangent space, that is,

TiM = (T,M)*

i.e. its elements (called cotangent vectors, or covectors of M at p) are the
linear functions T,M — R.

We can obtain a covector by differentiating a function at a point.

Definition 5.2.2. The differential of a function h : M — R at a point p € M
where f is C! is the covector dh|, € T, M given by

dh|p(X) = X (h) for all vectors X € T,M.

Example 5.2.3 (Differential of chart components). If ¢ is a chart of M defined
at p € M, the differential of a chart component ¢’ applied to a coordinate vector

o
A 0
dg@'p(aw)—awp

D7 gives
This shows that the covectors d¢?|, form a basis of T,M* that is dual to the basis

of T,M consisting of the coordinate vectors ai

o7
formulas of Section [5.11

o' =0 (5.2)

. Therefore we can apply the
p

Definition 5.2.4. The coefficients or components of a covector § € T;M with
respect to the chart ¢ are the real numbers &; such that

= &dg,.
i
These coefficients can be obtained by evaluating ¢ on the coordinate vectors:

0
§=¢ (W p) ) (53)

this formula follows from the duality relation ((5.2)) by Proposition

Proposition 5.2.5 (Transformation law for covector coefficients). Let (£%);, (€7) j €
R™ be the tuples coefficients of a covector § € Ty M with respect to two charts ¢,
©. These tuples are related by the formula

- &ﬁ'
§j2287@»p

Proof. By Proposition we have

()

&i. (5.4)

2
)

i

?

80] dp
0

¢

(=5
?
Do
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5.3 Covector fields

Definition 5.3.1. The cotangent bundle T*M of a differentiable manifold M
is the disjoint union of the cotangent spaces: T*M = HpeM ToM.

This set has a natural structure of vector bundle over M...

Definition 5.3.2. A covector field or 1-form on a C**! manifold M is a function
§: M — T*M such that §, € T,M for all p € M. Its component functions
with respect to a chart (U, ¢) are the functions §; : U — R such that

&p = Zgj(p)d@j\p forall pe U.
J

Note that &;(p) = £ (azj

A covector field £ is C* at a point p € M if its component functions (w.r.t. any
chart that is defined at p are C* at the point p, and & is C* on M if it is C* at all
points of M.

We denote Q!(M) the set of C* covector fields on a C**! manifold M. Note that
Q(M) is a module over the ring C*(M), i.e. we can obtain a new covector field
by adding two covector fields, or by multiplying a covector field £ € Q'(M) by a
function h € C*(M).

) for all p e U.
P

5.4 Contraction of a 1-form with a vector field

The contraction of a 1-form ¢ € Q'(M) with a vector field X € X(M) is the
function (£, X') : M — R, also denoted tx¢, defined by

(€, X)(p) = Elp(X]p)  forall pe M.

Thus the components of £ w.r.t. a chart ¢ are & = (¢, a%i).

5.5 Differential of a function

An example of covector field is the differential of a function.

Definition 5.5.1. The differential of a function h € C*1(M) is the 1-form
dh € Q' (M) defined by

dh|,(X) = X(h) for all points p € M and all vectors X € T, M.
A 1-form is exact if it is the differential of some function.

On a chart (U, ¢) we can express dh as

oh
dhly =>" 55 ¢’

since the components of dh are dh (a%f) = a%ih by (5.3). This shows that dh is
Ck if h is CFHL.

Example 5.5.2 (Differential of coordinate functions). If (U, ¢) is a chart on M,
each coordinate differential dy’ is a C* covector field since its component functions

(det, %) = 5; are constant.

Tt doesn’t matter which chart we use; this follows from the transformation law.
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In the exercises we prove some basic properties of the differential:

Proposition 5.5.3. (i) For f,g € C*°(M), a,b € R we have: d(a- f+b-g) =
a-df+b-dg, d(f-g)=f-dg+g-df, d(g) = g'dfg# (on the set where
9#0)

(i) Chain rule: If h: R — R is a smooth function then d(ho f) = (k' o f)-df.

(iii) If df =0 then f is constant on each connected component of M.

5.6 Pullback of a 1-form

Definition 5.6.1. The pullback of a covector field ¢ € Q'(N) by a C! map
f: M — N is the covector field f*¢ € Q' (M) defined by

(f* )y = (Tpf)*f|f(p) for all p € M,

that is,
(f*O)p(X) =&l p(p)(TpfX) forall X € T,M.

Proposition 5.6.2. Pullback commutes with differentiation. That is, for any C*
map f: M — N and any function h € C*(N,R), we have f*(dh) = d(f*h) where
f*h=ho f.
Also, pullback commutes with the module operations on Q, i.e. we have
O+ =r10+f¢ and f(h-&)=(fh) f¢
for covector fields £,0 € QY(N) and a function h € C*(N,R).

Proof. To show that the 1-forms f*(dh) and d(h o f) are equal, we apply them to
a tangent vector X € T, M:

fH(dh) (X) = dh(TpfX) = (TpfX)h = X(ho f) = d(ho f)(X).

The rest: exercise. O

5.7 Integration of a 1-form along a curve

Definition 5.7.1. The integral (or line integral) of a continuous 1-form & €
QY(M) along a C! curve v : I = [a,b] — M in a differentiable manifold M is

defined as ,
‘Aﬂ=A§WWﬂmdt

Example 5.7.2. Let us compute the integral of the 1-form & = —ydz + xdy €

Q' (R?) along the radius 7 circle v : t € [0,27] + (rcost,rsint). Thus
[e= [ o
¥ 0

2
21

B /0 (—rsintdz +rcostdy) (—r Siﬂt% + rcostaay) dt

= /27r r2(sin2tdm(g) —sintcostdx(g)
0 ox oy
—
=1 -
. 0 2 0
— costsintdy(=—)+ cos® tdy(=-) ) dt
Ox y
0
= ]

2m
—/ r? dt = 2mr.
0
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Theorem 5.7.3 (1-dimensional Stokes). The integral along a C' curve 7 : [a,b] —
M of the differential of a function h € C*(M,R) is

/ dh = h(y(b)) — h((a)).

Proof.

/dh = /bdh(y’(t)) dt
y a

b
_ / (h o) (t)dt = h(v(b)) — h(v(a)).
]

Corollary 5.7.4. If a 1-form & € QY(M) is evact, i.e. & = df for some f €
CFTL(M), then its line integral over any closed differentiable curve is zero.

In the exercises we prove the following property of integrals of 1-forms.

Proposition 5.7.5 (Reparametrization invariance of curve integrals). If two C*
curvesy:J — M, B: 1 — M are equivalent as oriented curves, in the sense that
B =~orT, for some positive (= increasing) diffeo T : I — J, then

/fz/f for any 1-form & € QY (M).
B v
Proof. The integrals we are comparing are

sz[}g(t)dt and /ﬁg:/lf(s)ds

where g(t) = &y((t) and f(s) = €5 (#(s)). Since 8 = o7, applying the
chain rule we get

((s)) ((
=& y(r(s)) (T'(8) -7/ (7(8)))
=7'(5) - &(r(s)) (Y (7(9)))
=17'(s) - g(7(s))

Thus the two integrals are equal by the change of variables formula. O

5.8 Integration along curves via pullback

There is an equivalent definition of the integral fwé using the pullback v*€.

Note that any 1-form 6 € Q!(J) defined on an open interval J C R can be
written as 8 = 0y d¢ where 6y : J — R is a function. This function 6 is the single
component function of # w.r.t. the identity chart ¢ and can be computed as

ou(t) = o1 (1)

Definition 5.8.1. The integral of a 1-form 6 € Q!(I) along a compact interval

I = [a,b] C R is defined as
b b
/ 0 :—/ 0o (t) dt,

where 0y € C(I,R) is the component function of § with respect to the standard
coordinate ¢ = idj.
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Proposition 5.8.2. The integral of a continuous 1-form & € Q(M) over a C' curve
~v:I=/la,b] = M in a differentiable manifold M is

[e=[re

Remark 5.8.3. The concept of 1-form on [ is not yet defined because the interval
I is not a manifold. (It is a manifold-with-boundary, but we have not yet defined
this kind of objects.) For the moment we can just consider I as a subset of the
manifold R (or of any open interval It that contains I). A 1-form on I is the
restriction of a 1-form defined on R (or on I"). We can assume that v can be
extended to some open interval 1T D I, then the 1-form v*¢ can be extended to
I, so it is a 1-form on 1.

In the exercises we prove that this second definition of fyf is equivalent to the
previous one, and use this to give a second proof of the reparametrization invariance
of line integrals.
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6 Differential k-forms

Roughly speaking, a differential k-form on a manifold M is a k-dimensional inte-
grand, i.e. something that can be integrated on the k-dimensional submanifolds of
M. We will give a precise definition later.

6.1 Motivation

Let us think first about integrating over the whole n-manifold M (rather than a
submanifold).

First, note that it is not a good idea to try to integrate a function h : M — R
over M. Why 7 Let’s try to do it and see what is the problem.

Since we know how to integrate functions on R"™, we could attempt to define [ f
using a chart as follows. Suppose, for simplicity, that the support of A is contained
on the domain of some chart (U, (,0). (More generally, we could break h as a sum h = ), h;
where each h; is supported in the domain of a chart (U;, p;). We can do this using a partition of

unity.) Then we could propose the definition

/h::/ h|,
M o(U)

1'is the local expression of h in the chart . The problem with

where h|, :=hoe~
this is that the integral on the right hand side depends on the coordinate system.
For example, for the function h = 1, the result of the integral is the volume of
©(U), which clearly depends on the coordinate system. E.g. if we pass to a new
coordinate system ¢ = 2¢, then we have vol(p(U)) = 2"vol(p(U)), therefore the
value of the integral grows by a factor 2.

Line integrals When we study calculus in an open set U C R"™, we define the
integral of a vector field X : U — R"™ along a curve 7 : [a,b] — R™ by the formula

/X = /ab<X,7'> dt (6.1)
b
:/a ZXi-(yi)’dt.

where (Y, Z) := >, Y"- Z is the standard inner product in R™. (In this formula
we are omitting the evaluation points to simplify the expression, i.e. we write 7/
instead of 4'(t) and X instead of X|,).)

The integral is well defined only because in the set U C R™ we always use
the standard coordinate system—Ilet’s call it . Suppose that we switch to a new
chart ¢ = 2¢p, so that the new coordinate covectors and vectors are

g 10
0 20p0

d@' = 2dy’ and

The first equation comes immediately from the fact that &' = 2¢?, and the second
one follows because the coordinate vectors are dual to the coordinate covectors.
The coefficients of the vector field X w.r.t. the new chart ¢ are

X' =d@(X) = 2d¢*(X) = 2X".
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and, similarly, the new coefficients of +/(t) are (7%)" = 2(7%)/(t). (Here we are using
(5.3).) Therefore the result of the integral increases by a factor 4. This is
why we cannot define line integrals in this way on a manifold which does not have
a specified coordinate system.

The simplest way to fix the problem is to integrate a covector field 6 instead of
a vector field X. The integral of 6 is defined by the formula

LG = /abﬂ('y/) dt (6.2)
b
:L}}#@W@

(Again, we write 7' instead of 7/(t), and 6 instead of 6],(;).) Given a vector field
X, we can replace it by the covector field 8 defined by

0],(Y)=(X|p,Y) for all points p € U and vectors Y € T,U =R".

Then the integral gives the same value as for any curve v, which means
that 0 is equivalent to X as a curvilinear integrand. However, the new integral
behaves better than (6.1) when we switch to the coordinate system ¢ = 2,
because the new coefficients of the covector field 6 are, by ,

~ 0 10 1 0 1
=0 <a¢> = <2c’w> - 29<a¢> = 5

which compensates the change in the coefficients of the velocity vector ', which

are (/)" = 2(v')?, so that the value of the integral is unchanged.
Heuristically, we can think the curve 7 as a union of infinitesimal “line elements”

v'(t) - 6t, which is a vector at the point p = (t). To each of these vectors we apply

the covector 6|, to obtain a number, and then we sum these numbers over the curve
to compute the value of the integral (6.2]).

Surface integrals Now suppose we have in an open set U C R" a surface parametrized
by a smooth function f : R — R"™ where R = [a,b] x [c,d] C R? is a rectangle.
We want to define an integral | P What kind of field w can we integrate over a
surface ?

Heuristically, we subdivide the rectangle R into infinitesimal rectangles R =
[s,s + 0s] x [t,t + dt]. The image of a rectangle IR is a “surface element” f(JR),
which is an infinitesimal parallelogram located at the point p = f(s,t) € U and
spanned by the infinitesimal vectors X = % -dsand Y = % - 0t. We have to use
the object w|, to traduce this pair of vectors X, Y into a scalar value, so that we
can integrate this scalars over all the surface elements. We propose that w should
be a field of real-valued bilinear forms i.e., w should assign to each point p € U a
bilinear form w|, which is a function w|, : R™ x R™ — R that is linear on each of

its two variables. Then we can compute

w(OR) =w[p(X,)Y) =w <g§, Z{) ds ot

to obtain an infinitesimal number, which we can integrate over all infinitesimal
rectangles to obtain the value of | Pz We also require that each bilinear form wl,
be alternating, which means that

wX,Y)=0 ifX=Y.
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This ensures that w(dR) = 0 if the parallelogram JR is degenerate. Note that if w
is alternating, then it satisfies the identity

w(V,X)=—-w(X,Y), for any vectors X,Y".
because

0=wX+Y,X+Y)
=w(X, X)+wX,Y)+wlV,X)+wlV,Y)=w(lX,Y) +w(Y, X).
Thus we can define the notion of a 2-form on R™ as follows.

(This is just for having a quick glance; we will later repeat the definition in more generality when

we define k-forms on any manifold.)

Definition 6.1.1. A differential 2-form on an open set U C R" is a field w of
alternating bilinear forms, i.e., w assigns to each point p € U to a bilinear form
wlp : R" x R — R.

The component functions of w (w.r.t. the standard coordinates ¢ = idy)
are the functions w; ; : U — R given by w; j(p) := wl|p(Es, Ej), where (E;); is the
standard basis of R".

We say that w is C" if its component functions are C".

Note that since w|, is alternating for each point p, we have w;; = —w;j; in
particular w;; = 0.

Definition 6.1.2. The integral of a continuous 2-form w over a C! parametric
surface f : R = [a,b] X [¢,d] — R™ is defined as

o= L e () 9
f (s,t)€[a,b]x[c,d] 0s’ Ot

(Here we are omitting the evaluation points, i.e. we write f instead of f(s,t) and
w instead of wl(sy)-)

To compute the integral we write it in a more explicit way:

o= I e (o0 af)‘i i
(s,t)ER ot
= / / Zaf | dsdt.
(SJ)E i at
of? 8]‘7
_ Z ds dt.
//(s,t)GRiZ’j: J a at

This shows that the integral (6.3]) is well defined and finite valued, since the function

0f(s,t) 0 0 of
(s,t)ew\f(s,t)< féit)’ f((;t) wa|f3t f;z 1) fa(: SO

and are continuous.

is continuous because the functions w; ;(f(s,t)), of Za(;’t) of Za(f )

Exercise 6.1.3. (a) What happens if we switch from the standard coordinates
¢ to a chart ¢ = 2¢ 7 Compute the new components w; ;, ]E, %—’: and verify
that the value of the integral does not change.

(b) What happens if we reparametrize the surface ? For example: consider the

function g(t,s) := f(s,t), defined on the rectangle [c,d] x [a,b]. Show that

fg“’: _ffw
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6.2 Tensors

As suggested above, a differential form on a manifold will be defined as a field of
alternating multilinear functions on the tangent space. But before getting there,
we need to understand multilinear functions on a single vector space V' ~ R™. We’ll
study in this section the general multilinear functions, and in the next section we
restrict to those that are alternating.

Definition 6.2.1. A multilinear form or covariant k-tensor on V ~ R" is a
function
T:VF=Vx---xV R
k copies

that is linear on each of its k variables. The number k is called the degree of the
tensor T. The set of covariant k-tensors on V is denoted by Ten* V' or ®k V.
(The explanation for the second notation will come later.) This set is a vector
space with the operations of pointwise addition and multiplication by a scalar:

(S+ )\T)(Xo, .. -an—l) = S(XQ, R 7Xk—1) + )\T(Xo, ... 7X]€—1)'

Example 6.2.2.

e A O-tensor is a function of zero variables, i.e. a constant, thus Ten’ V = R.

e Covariant 1-tensors on V are just the linear maps V — R, thus Ten! V = V*.

e Covariant 2-tensors are precisely the bilinear forms on V. E.g. any inner
product is a bilinear form i.e. a covariant 2-tensor. Note that covariant 2-
tensors on R™ can be identified with n x n matrices, namely a matrix A
corresponds to the bilinear form (v, w) — vT Aw.

e The determinant A € R™*™ — det(A), thought of as a function of the n
vectors (the columns of the matrix A), is a covariant n-tensor on R™.

Remark 6.2.3. There is also the notion of contravariant tensors, which are mul-
tilinear functions from (V*)k to R. A tensor on V, in general, is a multilinear
function on V¥ x (V*)*, where k,¢ € N. For the moment we are only interested in
covariant tensors.

One way to obtain a tensor is by multiplying two tensors of smaller degree.

Definition 6.2.4. The tensor product of two covariant tensors S € Ten*V,
T € Ten’ V is the covariant tensor S ® T € Ten*+t* V' defined by

S®T(X0,...,Xk_l,ifo,...}/g_l) = S(Xo,...,Xk_l) -T(Yb,...,}/g_l).

We see immediately that this is indeed a tensor on V' and that the tensor product
operation is bilinear and associative. We can therefore write the tensor product
of three or more tensors unambiguously without parentheses. I.e. on a product
So®@ -+ ® Sy_; of tensors S; € Ten’ V, the tensor Sy acts on the first £y vectors,
S7 on the next ¢; vectors etc.

Note that for c € Ten’V =R and T' € Ten* V we have c @ T = ¢ T.

A base of tensors

Consider a vector space V ~ R" with a fixed base (E;)icn, and let (¢7);e, be the
dual base of V*. (Here we use the notation n := {0,...,n—1}.) We can construct
a base of Ten® V' by taking tensor products of the base covectors &’.
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Definition 6.2.5. The elementary covariant k-tensors are the k-tensors of the
form
aé =0 ®...Qe*1 e Ten*V,

and the elementary vector k-tuples are the vector k-tuples
Er = (Eim B Eik—1)

defined for any sequence of indices I = (ig,...,ir_1) € n* (called a k-component
multi-index, or k-index).

Note that
5IEJ:6§ for all I, J € n".

Proposition 6.2.6. The elementary k-tensors E{@, with I € n*, form a base of

Ten* V', and for any tensor T € Ten* V' we have

T = Z Eo,---,ik_lsio R ® glh—1 — Z Ty gé (64)

(iown’ik*l)eﬂk IEQ’“
where Ty = T(E;) = T(Eiy, ..., Ei,_,). In particular, dim Ten* V = n¥.

Proof. For any vectors X, ..., X;—1 € V, decomposing X = )", XéEi we obtain

T(Xor- X)) =T [ Y X0 B, Y. X E

0EN ig—1€EN

- Z Xéo e ‘Xlick—il1 T(Eig;---  Ei_y)

I=(ig,...,ip—1)€ENF
since T is multilinear. Therefore T is determined by the n* numbers

T[ = Tio,...,i = T(Eio, - ’Eikfl) = T(E]) c R.

k—1
Furthermore, we have
_ % [
T= Y T8 @k
(105e-sil—1)ENFE

since both sides are multilinear and the equation is true when we evaluate on
Er = (Ei,...,E;_,). This shows that the elementary k-tensors span Ten” V.
To show that they are linearly independent, suppose that for some coefficients

Ti,...i,, We have
Z Eo,...7ik_15i0 Q- ® k-1 = .
10yeeril—1
Evaluating on E; = (Ej,,...,Ej,_,) we get Ty = Tjy ., = 0 for all J =
(jos - - - k1) € 0. -

Example 6.2.7. An inner product (or any bilinear form) g on V can be written
as g = >, Gi; e' ® &/ using the coefficients g; ; = g(E;, E;) € R. In particular,
the standard inner product on R™ is g = ). &' ® ', where (¢'); is the dual of the
standard basis of R™. Note that the numbers g; ; are the coefficients of the matrix
G that determines g by the formula g(X,Y) = X!GY.

Remark 6.2.8. The previous proposition makes clear why the space Ten®(V)
of covariant k-tensors is also denoted ®k V*: any covariant k-tensor is a linear
combination of tensor products of covectors.
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For tensors we have the following transformation law.

Proposition 6.2.9 (Transformation law for covariant k-tensors). If (E;); and
(Ej); are two bases of V' related by the formula E; =, aé-Ei, where (a;‘-)i,j e R
18 an invertible matrix, then for any tensor T € Tenk(V), the coefficients

Ty =T(Ei,,...,Ex_1) defined for I = (ig,...,ix-1) € n”

are related to the coefficients

T, = T(Ej, ... ’Ejk—l) defined for J = (jo,...ju_1) € n¥

by the formula
T i ip—1
Ty=> al - af ' T} (6.5)

Ienk

Proof. Exercise. O

6.3 Alternating tensors

Definition 6.3.1. An alternating k-tensor on V is a tensor T € Ten* V such
that
T(Xo,...,Xp—1) =0 if Xs = X; for some s # ¢

for any vectors Xp,...,Xp_1 € V. The space of alternating k-tensor on V is a
subspace of Ten® V = ®" V* denoted Alt* V or A*¥ V*. (We will see the reason for
the second notation later on.)

Note that every O-tensor or l-tensor is alternating, thus we have AIt°V =
Ten’ V =R and Alt' V = Ten! (V) = V*.

It is convenient to use the following notation. Let Si be the group of permuta-
tions of the set k = {0,...,k —1}.

Definition 6.3.2 (Permutation of tensors and indices). A permutation o € Sk
acts on tensors T € Ten® V by the formula

O'T(Xo, ce 7Xk:—1) = T(XU(O)a ce 7Xa(k—1))a

and acts on multi-indices I = (ig, ...,ix_1) € n* by

o'l = (i0(0)7 cee ’io(k—l)) € ﬂk-

Exercise 6.3.3. Let (T7);c,+ be the coefficients of a tensor T' € Ten® V' with
respect to some base (E;)icn. Show that (61'); = T,+; for any permutation o € Sy
and any k-index I € n”.

Exercise 6.3.4. For a tensor T € Ten* V, the following are equivalent:
(a) T is alternating,
(b) T is skew symmetric, ie. T(--- , Xg, - Xy, )= =T(-- , Xp, - Xg,--+)
for any vectors Xo, ..., Xp_1,
(c) For any permutation o € Sy, we have 0T = sgn(o) - T..
(d) The coefficients in satisfy Ty+; = sgn(o) Ty for any permutation o € S.
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Example 6.3.5. On R?, denoting (¢); the dual of the standard base, a general
2-tensor T is of the form

T = T07080 ®€O —|—T0’1 0 ®€1 +T1,0€1 ®€0 —|—T171 el ®€1,

and it is alternating iff To g = 711 = 0 and Tp; = —T1,0. Thus the alternating
2-tensors on R? are those of the form 7' = a(e® ® ¢! — ! ® €0) with a € R, i.e. the
multiples of the determinant function.

From any tensor T' € Ten® V we can get an alternating tensor as follows.

Definition 6.3.6. The skew-symmetrization of a tensor T € Ten®V is the

alternating tensor
A(T) = Z sgn(o) - oT € AlthV,
oc€Sk

A base of alternating tensors

Definition 6.3.7. As before, let (E;)icn be a fixed base of V' ~ R™ and denote
(¢%); the corresponding dual base. The elementary alternating k-tensors on V'
are the tensors

el .= A(E{@) =AEP ® . @eh1)
= Z sgn(o) ee® @ ... @ glot- e AltF vV

o€Sy,
defined for each multi-index I = (ig,...,ir_1) € n*.
Note that if we evaluate on vectors Xy, ..., Xi_1 we get
X oo..oXp
el(Xo, ..., Xp_1) = det : : (6.6)
Xt X

where X! = ¢*(Xj) is the j-th component of the vector X in the base (E;);.

We state some basic properties:

Lemma 6.3.8. The elementary alternating tensors satisfy:
(a) €' =0 if I has a repeated index.
(b) If J = o*I then ¢’ = sgn(o)el.

(c) For J = (jo,...,Jk—1) a multi-index we have
0 if I or J have a repeated index or if they are
el(E)) = not permutations of each other

sgn(o) if J =0*I and I does not have a repeated index.
Proof. Straightforward by looking at the expression (6.6]). O

The repetitions among the tensors e/ suggests that we only need to use the
increasing multi-indices.

Definition 6.3.9. An increasing k-index is a multi-index I = (iq, ...,ix_1) € n*

such that ig < --- < ix_1. The set of increasing k-indices is denoted ﬂk/(

Remark 6.3.10. There are (Z) increasing multi-indices I € Qk/<
Any multi-index J € n* with no repetitions can be uniquely written as J = *1I,
where o € Sy is a permutation and I € ﬂk/ is an increasing multi-index.
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Now we can describe a basis for Alt* V.

Proposition 6.3.11. As before, let (E;)icp be a base for V and (¢%);e,, the dual
base. Then the set of elementary tensors €1, where I € n* is an increasing k-index,
is a base for At* V.. In fact, for any T € AltF(V') we have

T = Z Ty el

k
]Eﬂ/

where Tt = T(Er) =T (Ei, - - ., Ei,,_,). Therefore, dim AltFV = (Z)

In particular, for k = n the dimension is one and Alt* V is spanned by g(0smn=1)

which is just the determinant function (with respect to the base (E;);). For k > n
the dimension is zero.

Proof. First we show that the given set spans Alt* V. Let T € Alt* V. Writing T
in the form (6.4) and using Remark [6.3.10| and the fact that T is alternating, we
get

T = Z TJeé: Z Ta*legfz Z sgn(a)Tja‘gI: Z Tr el

Jenk 065;5 Ueskk- Ieﬂk/
Ieg/( IG@/

In the second step we used the fact that 7'y = T'(E;) vanishes when J has repeti-
tions. Therefore we only need to sum over those J that have no repetitions, which
can be uniquely expressed as ¢*I for some permutation ¢ and some increasing
multi-index I.

To show linear independence, suppose that for some coefficients T7 € R we have

Z T -l = 0.

k
IE@/

Then we see that T'; = 0 for each J € Qk/ by evaluating on Ej. O

Wedge product of alternating tensors

Like general tensors, alternating tensors can be multiplied to obtain new alternating
tensors.

Definition 6.3.12. The wedge product (a.k.a. alternating product or exte-
rior product) of two alternating tensors S € Alt* V|, T e Alt* V is the alternating
tensor

1
SAT = A(S®T) e Althtty,

More generally, the wedge product of m alternating tensors Ty € Alt®V, ...,
T, € AltFn—1V is the alternating tensor

1
FA(Ty @ -+ @ Tp1).

ToA-- ATy g im ———
0 e e k!

The “A” ensures that we get an alternating temnsor, and the factor m
compensates for the repeated terms that we obtain if we use the “A” alone. Which
repeated terms? This will be clear in the examples.

Example 6.3.13. The wedge product of scalar ¢ with a tensor T € Alt*V is
cNT =cT.
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Example 6.3.14. The wedge product of two 1-tensors a, 3 € Alt' V is
aABX,Y) =a(X)BY) —aY) B(X).

Example 6.3.15. The wedge product of an alternating 2-tensor w € Alt?(V) with
a l-tensor o € Alt}(V) is

w A G(X(], Xl, XQ) = %(W(Xo, Xl) H(XQ) — w(Xo, X2) Q(Xl) =+ w(Xl, X2) Q(Xo)
—w(Xl, X()) H(Xg) + w(XQ, Xo) Q(Xl) — OJ(XQ, Xl) Q(Xo))

Since w is alternating, each term of the second line is equal to the term that is
above it. Thus there is a simpler formula

w A Q(X(), Xl,Xz) = w(Xo,Xl) Q(XQ) — w(X(), XQ) Q(Xl) + w(Xl,Xg) G(X())

Example 6.3.16 (Wedge product of covectors). The wedge product of several
covectors @0, ..., Pl e V* = Alt' V is

PN AT =A@ @,
therefore for any vectors Xg, ..., Xz_1 € V we have

oA Apre1(Xo, - Xem1) = Y sgn(0) - (X)) @ H (Ko@)
ocESk

= det ((@S(Xt))sek> :
tek
Proposition 6.3.17. The wedge product satisfies the following properties
(a) The bilinear operation A : Alt* V x Alt* V' — AIt*T*V is associative.
(b) In addition, it is anticommutative, that is for S € Alt* V, T € Alt‘' V we

have
SAT = (—1)*TAS.
(c) The wedge product of base covectors €, ..., e*~1 is an elementary alternat-
ing tensor €0 A --- Aeth-1 =&l where I = (ig,...,i5_1).
(d) For multi-indices I = (ig,...,ix—1), J = (Jo,---,je—1), the product of the
elementary alternating tensors €, ¢/ is
el nel =€l

where IJ := (g, ..., ik—1,J0y - Je—1)-

Proof. @ Exercise. The proof is found in Tu’s book [Tulll, Prop. 3.25].
follows from the computation of a wedge product of covectors, Example|6.3.16

@ follows from by associativity.

@ It is sufficient to verify anticommutativity for elementary covectors e/ €
Alt*V, e/ € Alt' V. To do so we compute

el nel =&l =sgn(o)e?! = (—1)Me/ A el
where o is the permutation that exchanges the first £ with the last ¢ indices. [

This finally motivates the notation /\]C V* for Alt* V: any alternating covariant
k-tensor is a linear combination of wedge products of covectors.
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6.4 Differential forms on manifolds

Let M be a differentiable manifold of dimension n. We apply the definitions from
the previous section to the case where V is the tangent space of M at some point
p € M. Hence for each p we consider the vector space of alternating covariant
k-tensors on T, M, denoted Alt*(T,M) or \*(T, M), which has dimension (}). We
denote
AlF(TM) == J] AM(T,M).
peEM

If o = (¢°,..., 0" 1) is a chart defined at p, recall that the coordinate vectors

821- form a base of T,M and the coordinate covectors de?|, form the dual base
of T)M. Therefore we have the elementary k-tuples of vectors
o | ( 0 i )
0pJ » Opio » Dplk—1 ,
defined for any multi-index .JJ = (jo, ..., jr_1) € n¥, and the elementary alternating
k-tensors
dpl|, = de™[, A -+ Adp1], € Altk(TpM),
also defined for a multi-index I = (ig,...,ix_1) € nF.

The elementary tensors dgop that correspond to increasing multi-indices I € n*
‘

(i.e. when ig < --- < ix_1) constitute a base of AltF T, M by Proposition
Thus any alternatlng k-form w € Alt*( T, M) can be written uniquely as a linear
combination w = Tent, wrda! |p, where the coefficients w; are defined for all

multi-indices I = (ig, ...,ix_1) € n* (not only the increasing ones) by evaluating
w on the corresponding k-uple of vectors:

The coefficient w; vanishes if I has repeated indices, and we have wy+; = (sgno)wy

0
’ agpikfl

PRI

for any permutation o € Si.

Definition 6.4.1. A differential k-form (or a k-form, for short) on a C"*!
manifold M is a function w : M — Altk(TM ) that maps each point p € M to an
alternating k-tensor wl, € Alt*( T,M).

The component functions of a k-form w with respect to a chart (U, ¢) are the
functions wy : U — R defined for any multi-index J = (jo, ..., jr_1) € n¥ by

0 0
wrlp = wlp 907, = wlp aoh |, .

so that w|, = ZIGRI> wrlpde?|,. We say that w is C" at a point p € M if its

0
8gpjk—1

ey

component functions (w.r.t some chart defined at p) are C" at p. (Exercise: Verify
that this does not depend on the chart.) And we say that w is C" if it is C" at all
points.

The set of C" differential k-forms on M is denoted QF(M).

Note that a 0-form is a function M — R, and a 1-form is a covector field.

Operations involving alternating tensors such as sum, multiplication by a scalar
and wedge product can be applied pointwise to differential forms:

Definition 6.4.2 (Pointwise operations of differential forms).
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e The sum of two k-forms «a, 3 € Q¥(M) is the k-form a + 8 € QF(M) defined
by (a+ B)|p == alp + 5], for all points p € M.

e The wedge product of a k-form o € QF and an ¢-form B € Qf(M) is the
form (k + £)-form a A 8 € QFTY(M) defined by (a A B)], := alp A Bp.

Wedge product of differential forms is clearly associative and anticommutative
because the pointwise operations have these properties.

Note that the wedge product of a O-form (i.e. a scalar field) h € Q°(M) by a
k-form w € QF(M) is simply the product of w by the scalar field h,

(hAw)lp = (hw)|p = h(p) wlp.
The operation of pullback of covector fields generalises easily to k-forms.

Definition 6.4.3 (Pullback of k-forms.). The pullback of a k-form w € QF(N)
by a C"*! map f: M — N is the k-form f*w € QF(M) defined by

(f*w)]p(Xg, R 7Xk71) = w|f(p)(Tpf(X0), cee Tpf(Xkrfl)) forallpe M, X; € TpM
(Exercise: Show that f*w € QF(M).)
Note that for a 0-form h € Q°(N) = C"(N) we have f*h = ho f.

Remark 6.4.4. If w € QF(M), U C M open and ¢ : U — M the inclusion, we
denote w|y = t*w € QF(U) the so-called restriction of w to U. Of course, for
p € U, we can identify (w|y)|, and w,.

An important property of the operations of pullback and wedge product is that
they commute.

Lemma 6.4.5. For f: M — N a smooth map, w € Q¥(N), n € QY(N) we have:
(1) [*(wAn) = fr(w) A f*(n).

(ii) In any coordinate chart y* on N,

fr Z w[dyl = Z(WIOf)d(yiOOf)/\.../\d(yikflOf)'

k k
Ien T Ien "
Proof. Exercise. O

Example 6.4.6. Consider the function f : R? — R? : (r,0) +— (rcosf,rsin®).
Then the pullback of the 2-form dz A dy (where z,y are the standard coordinates
on R?) by f is

frdzAdy) = fH(dz) A f7(dy)
d(zo f) Ad(yo f)
(cos@dr —rsinfdf) A (sinfdr + rcos 0 de)
rcos? @ dr Adf — rsin®6 do A dr
= rdrAdf

In general we have the following relation for the pullback of an n-form under a
smooth map between n-dimensional manifolds:
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Lemma 6.4.7. Let ' : M — N be a smooth map between smooth n-manifolds.
Let (U, %) be a chart on M and (V,4") be a chart on N. Let u € C®°(V). Then
on UNF~YV): E|

FY

F*(’LL dyo A-e- /\dynfl) — (UOF) det (aaz) d(po A - /\dsp”fl'
¥

Here, FI :=yJ o F.

Proof. 1t suffices to show that the equality holds when we evaluate both sides on
O .., +2+). Note that by Lemma [6.4.5{ we can rewrite the left-hand side as
ol dp

(uo F)dF? A --- AdF™ L. But then the result follows immediately from

0 0 (0
0 n—1 — N
b (20 a1 ().

which follows from Example [6.3.16 O

For M = N, F =idys, u = 1 we obtain the change of coordinates formula

J
dy® A Ady™ ! = det (g;) de® Ao Adam L

9FI _ d(yloFop—1)

In the expression below 7 Bl so the matrix whose determinant we take on the
right hand side is the Jacobian of the coordinate representation of F' in the given charts.
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7 Integration on manifolds

7.1 Oriented manifolds

We will need an oriented n-manifold M to define the integral [,, w of an n-form
w € Q"(M). The sign of the result will change if we switch the orientation.

7.1.1 Orientations on a vector space

Before dealing with manifolds, we define orientations on a vector space V ~ R".

Definition 7.1.1. An orientation on a vector space V ~ R" is a function O that
assigns to each base B = (B;)o<i<n of V a number O(B) € {1, —1} called the sign
of B with respect to O, such that

O(B') = O(B) - sgndet(C) for every pair of bases B, B’ = BC of V, (7.1)

where C' = (C*}); ; € R™ " is an invertible matrix. The equation B’ = BC means
that B; = Zz B; CZ]

The sign O(B) of a base B with respect to an orientation O is also denoted
sgnp(B). We write sgn(B) instead of sgny(B) when we don’t want to give a name
to the orientation.

Example 7.1.2. The standard orientation on R"” is the orientation Ogq given
by Osa(B) = sgn(det B) for any base B of R". (To define det B we identify the
base B with the matrix whose columns are the vectors of B.)

Remark 7.1.3. (a) An orientation O on a vector space V ~ R™ is determined
once we know the value O(B) for a single base B, since any other base B’
can be written as B’ = BC, with C' € R™*" invertible.

(b) Given a base B of a vector space V ~ R", there is a unique orientation O
satisfying O(B) = 1, and a unique orientation O’ (equal to —Q) satisfying
O'(B) = —1. Thus V has exactly two orientations O, —O.

(c) If dim(V') = 0, there is just one base of V', namely the empty base By. Thus
an orientation O on V' can be identified with the single number O(By) = £1.
The condition imposes no restriction because any matrix C' € R®*Y has
det C' =1 since being C' an empty matrix, it is equal to the identity matrix.

Definition 7.1.4. The sign of an isomorphism T : V — W between oriented
vector spaces V, W ~ R" is the unique number sgn(7T") € {£1} that satisfies

sgn(T(B)) = sgn(T) - sgn(B)  for each base B = (B;)ien of V,

where T'(B) is the base of W given by (7'(B)); = T(B;). We say that T is ori-
entation preserving or orientation reversing if sgnT = 1 or sgnT = —1,
respectively. Note that sgn(S oT) = sgn(S) -sgn(7T') if S : W — Z is a second
isomorphism between oriented vector spaces.
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7.1.2 Orientations on manifolds

The notion of orientation is applied to manifolds as follows.

Definition 7.1.5. A (tangent) orientation field on an n-dimensional differen-
tiable manifold M is a function O that assigns to each point p € M an orientation
O,, of the tangent space T,M. Such a field is considered continuous at a point
po if for some chart (U, ) defined at pp, the function

9
OpY

0
vy A o
p 8(10”

peU— Oplp) ::Op< >€{:|:1}

p

is constant (either positive or negative) on a neighborhood of py. (We will see
below that this fact does not depend on the chart ¢.)

An orientation on M is a tangent orientation field O that is continuous at all
points of M. The pair (M, Q) is called an oriented manifold. A differentiable
manifold is orientable if it admits an orientation.

The number O,(¢) € {£1} is called the sign of the chart ¢ with respect to the
orientation O at the point p. If this sign is constant (i.e. independent of p) we
denote it O(y).

Note that O,(p) is the sign of the linear isomorphism Dypp : (TpM,0,) —
(R™, Ogq). Thus if 1) is a second chart defined at p, since Dyt = Dy (o) o
Dy, we have

Op(q/)) = sgn (Dap(p) (?/) © 90_1)) : OP(SO)
= sgndet D) (¢ o e 1) 0,(p). (7.2)

Since p +— sgndet D) (¢ o ¢ 1) is locally constant, we conclude that if O,(p) is
constant on a neighborhood of py, then so is O, (). This proves that the continuity
of O does not depend on the chart, as stated before.

Remark 7.1.6. On an oriented manifold the sign of any chart ¢ is locally constant.
In particular, if the domain of ¢ is connected, then ¢ has constant sign.

This suggests a practical method for defining an orientation on a manifold.

Definition 7.1.7. An orientation-signed atlas is an atlas A of a differentiable
manifold M, together with a sign function s : A — {£1} that satisfies for all charts

o, e A

5(¢p) = sgndet Dy (¥ o @ 1) - s(p) for all points p € Dom @ NDom1). (7.3)

Proposition 7.1.8. If (A, s) is an orientation-signed atlas, then there is a unique
orientation O on M such that O(p) = s(p) for all charts p € A.

In particular, an atlas A whose transition maps have positive jacobian det D(po
¥~ > 0 everywhere (thus A is orientation-signed by the sign function s = 1)
defines an orientation O such that all charts of A are positive.

Proof. Let us say that a (possibly discontinuous) orientation field O on M pleases
a chart ¢ € A at a point p € Dom ¢ if Op(¢) = s(p). This condition determines
Op. We are searching for an orientation field O that pleases every chart ¢ € A at
all points p € Dom . Uniqueness of O is clear since the chart domains cover M.
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Suppose O pleases ¢ at some point p, and let 1) be a second chart of A defined at
p. Then O also pleases ¢ at p because by (7.2)) and (7.3) we have

Op(ﬂ’) = sgndet D@(p) (d} © 30_1) ’ OP(SO)
= sgndet D<p(p) (7/} 0 9071) ’ S((p)
= ().

This compatibility implies that there is a unique orientation field O that pleases
all charts of A at all points. The field O is clearly continuous on the domain of
each chart ¢ € A, hence it is continuous on M. O

This allows us to determine whether a manifold is orientable or not by taking an
atlas consisting of connected charts, and analyzing the signs of the differentials of
the transition maps.

Remark 7.1.9. (a) A manifold covered by a single chart is orientable.
In particular every open set U C R"™ has a standard orientation that makes
the identity chart positive.

(b) A manifold M covered by two connected charts (U, ), (V, ) is orientable iff
the function p € UNV — sgndet D], (Y o™
for example, if UNV is connected.) In particular, the sphere S™ of dimension
n > 2 is orientable since the domains of the stereographic projections with
respect to the north and south poles cover M and have connected intersection.

is constant. (This happens,

(c) A one-component orientable manifold admits exactly two orientations O, —O.

(d) A manifold M is orientable iff each connected component of M is orientable.

Example 7.1.10 (See the exercises).

(a) An orientation O on an n-manifold can be restricted to any open subset
U C M, so that (U,O|y) is an oriented n-manifold.

(b) A product My x - - - X My_1 of several oriented manifolds is naturally oriented.
(¢) The torus T™ is orientable.

(d) The Mébius band is not orientable.

)

(e) The projective plane RP? is not orientable.

Proposition 7.1.11. Let M be an n-dimensional C*t1 manifold. Then the sign
sgnw of any nonvanishing n-form on M, defined by

(sgnw)|p(Xo, ..., Xn—1) = sgn(w|p(Xo, ..., Xn-1))

forpe M and Xo,...,X,—1 € TyM, is an orientation on M.
Reciprocally, every orientation on M is the sign of some nonvanishing n-form.

In consequence, M 1is orientable if and only if it has a nonvanishing n-form.

For example, the standard orientation on an open set U C R"™ is the sign of the
standard n-form dz® A --- A da™ 1.

Proof. We leave as an exercise the first part: showing that sgn(w) is an orientation
if w does not vanish.

Let O be an orientation on M. We will construct a nonvanishing n-form w €
Q™(M) such that sgn(w) = O.

Let A be an atlas of M consisting of connected charts. Therefore each chart
¢ € A has a constant sign O(p). For each ¢ € A we define a nonvanishing n-
form wy, = O(p) dp® A -+ A dp™ ! on the open set U, = Domy. Note that
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sgn(w,) = Oly,. Using a partition of unity (n,),c4 subordinate to the cover
(Uyp)pea we construct an n-form w = - 4 n, wp. We claim that w is nonvanishing
and satisfies sgn(wl,) = O, for all points p € M. Indeed, for each base B of T, M,
in the right hand side of

wlp(B Z N (p) - welp(B)

peA

the numbers w,|,(B) have sign O, (B) for all ¢ € A, and the numbers 7, (p) satisfy
Ne(p) > 0 and are not all zero. Therefore w|,(B) is nonzero and has sign Op(B). O

Proposition 7.1.12. Let S be an embedded hypersurface in an oriented n + 1-
dimensional manifold (M,O). Then a transverse vector field Y on S (i.e. a
continuous map Y : S — TM such that Y|, € T,M \ T,S for all p € S) induces

an orientation OY on S given by
(’);,/(XO, vy Xn1) = 0p(Y, Xo, ..., Xp—1) for every base (Xo, ..., Xn—1) of T},S.

Example 7.1.13. On S? we can define a nowhere vanishing 2-form w as follows:
Let N = xa% + ya% + z% the outward pointing radial vector field on R®. Then for
p€S? X,Y € T,S? define

wp(X,Y) = det(N,, X,Y),

where on the right hand side we view X,Y as elements of T]D]R3 (so actually we
mean (4 X, t,Y where ¢ is the inclusion of S? into R3).

7.2 Definition of the integral

For M any smooth manifold and w € Q¥(M) we define the support of w as

supp w :={p € M | wy, # 0}.

We denote by QF(M) the subspace of k-forms on M with compact support.

Integration of n-forms on R". We first define the integral of a compactly sup-
ported continuous n-form w on an open set U C R™. Any such form can be written
uniquely as w = hdaz®A---Adz" "1 where 20, ..., 2"~ ! are the standard coordinates

and h : U — R is a compactly supported continuous function.

Definition 7.2.1 (Integration of n-forms on R™). The integral of a compactly
supported continuous n-form w = hdz® A --- Adz™ ! on an open set U C R is

/w:/hdl‘o/\-"/\dl‘”1 ::/h (7.4)
U U U

where the integral on the right is the Riemann integral of h. (It is well defined since
any compactly supported continuous function h : U — R is Riemann integrable.)

Integration of n-forms supported in a single chart.

Definition 7.2.2. Let M be an oriented differentiable n-manifold, and let w be a
continuous n-form on M whose support is compact and contained in the image of
a local parametrization ¢ : U — M that has constant sign sgnp = +1 w.r.t. the
orientation of M. Then we define the integral of w as

/ w = sgng0/<p*w. (7.5)
M U
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Proposition 7.2.3. The result does not depend on the parametrization .

Proof. We consider a second local parametrization ¥ : V' — M. Note that both
sets p(U) and ¥ (V') contain suppw, and by shrinking the domains U, V, we may
assume that p(U) = w(V) We write ) = ¢ oo, where 0 = p L otp: V = Uis a
diffeomorphism. Note that sgni = sgn ¢ - sgn(det Do).

We write p*w = hdaz® A--- Adz" ! and 9w = gdy® A --- Ady" . Recall that
we have g(y) = h(o(y)) det(Dyo) for all y € V by Proposition [6.4.7}

Using the change of variables theorem, we get
sgn ¢ / Yrw = sgncp/ h(z)dz®- - dz"!
U U
= sgncp/ h(o(y))|det Dyo|dy® - - - dy™ !
1%
— sgnvy | h(o(y)) (det Dyo)dy® - - dy?
v
==sgn¢ﬁ/;g(y)dy°---dy”‘l
=sgm/1/ P (w).
1%

O]

Integration in general. For an arbitrary compactly supported n-form on an ori-
ented n-manifold we can use a partition of unity to reduce to the previous setting:

Definition 7.2.4. Let M be an oriented differentiable n-manifold, and let w be a
continuous, compactly supported n-form on M. We define f W, the integral of w
over M, as follows. Take any finite collection of constant-signed local parametriza-
tions ¢; : (7@ — U; whose images cover suppw, and let (x;); be a partition of unity
of U = |J,; U; subordinate to the cover (U;);. Then set

e e

where [}, xiw = sgn(y;) ffh ©f(xiw) as defined in ([7.5]).

Note that a collection of local parametrizations ¢; with the above properties
exists: it suffices to take an atlas of M consisting of connected (and hence constant-
signed) local parametrizations of M, and then reduce to a finite subset using the
compactness of suppw. What remains to be shown is:

Proposition 7.2.5. The above definition is independent of the choice of charts
and partition of unity.

Proof. Consider another finite family of constant-signed local parametrizations ); :
V; — V; whose images cover of supp w by oriented charts ¢; € A. Let §; be a
partition of unity subordinate to (V});. Then

zj:/ijW:;/M;XiﬁjWZ%/Mxlfjw

'To shrink the domains means the following: we note that suppw is contained in the open set
W = o(U)N(V). Thus by restricting the parametrizations ¢ and 1 to the sets U = ¢~ (W)
and V = ¢~ (W) respectively, we get two new parametrizations @ := ¢|7 and Y= 1| such
that G(U) = W = (V).
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where the second and third expression are integrals of n-forms supported in a single
chart as defined previously. In the same way we have

S [ xw=3 [ Sone=Y [ gue
M T IM i M
The right hand sides of the last two relations are the same and therefore > j / v Siw =

ZifMXiw' O

Proposition 7.2.6 (Properties of the integral). Let M be an oriented differentiable
n-manifold and let w, n be two continuous, compactly supported n-forms on M.

(a) Linearity: If a,b € R, then

/M(aw+b77) :a/MuH—b/Mn.

(b) Positivity: If sgn(w|p) coincides with the orientation of M at every point
p € M where wl|, # 0, then wa > 0, and the inequality is strict unless w is
identically zero.

(c¢) Diffeomorphism invariance: If f : N — M s an diffeomorphism of con-
stant sign sgn(f) = +1 (i.e. f is either orientation preserving or orientation

reversing), then
/ f*w:sgnf-/ w.
N M

(d) Orientation reversal: If —M denotes M with the reversed orientation, then

e

We leave the proof as exercise.

7.3 Manifolds with boundary

In the same way that an n-manifold is modeled on R™ (i.e. is locally isomorphic
to R™), a manifold with boundary, to be defined below, is modeled on the closed
upper half space

H" := {2z =(2°,...,2" 1) €eR" | 2" >0} wheren > 1.

This model space is partitioned into two sets: the interior Int H" := {x € H" |
"1 > 0} and the boundary OH" := {z € H" | 2"~ ! = 0}. We identify OH" =
R™~! using the bijection R*~1 — 9H" : (20,... 2"72) — (2°,...,2"72)0).

To work with functions defined on H", we use the following definition:

Definition 7.3.1. A function f : A — R™ defined on any set A C R™ is C* if it
can be extended to a C* function defined on an open neighborhood of A.

Note that a C* function defined on an open subset of H” has its partial derivatives
of order < k well defined (independent of the extension).

Example 7.3.2. The map g : [0,00) — R : y — /y is not smooth in this sense,
since ¢'(y) — oo as y — 0, so g cannot be extended smoothly to an open subset
containing [0, co).
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Definition 7.3.3. An C" manifold with boundary of dimension n is a second
countable Hausdorff space M, together with a maximal C" atlas A consisting of
charts ¢ : U — U (where U C M and U C H" are open sets) whose transition
maps 1 o ¢! are C7 for @, 1 € A.

The boundary of M, denoted M, is the set of points of M that are in the
inverse image of 0H™ by some chart of the atlas.

The interior of M, denoted Int M, is the set of points of M that are in the
inverse image of Int H” by some chart of the atlas.

Remark 7.3.4. The “interior” and “boundary” of a topological manifold M in the
sense above should not to be confused with the interior and boundary of M viewed
as a subset of some other space (e.g. R™). For example, [0,1] x {0} C R? with the
standard topology is a topological manifold with boundary and its boundary (in
the manifold sense) is {(0,0), (1,0)}.

A map f : M — N between C* manifolds with boundary is C* iff its local
expressions are C* in the sense of Def. [7.3.1

Proposition 7.3.5. Let M be a C" differentiable n-manifold with boundary (n >
1). ThenInt M and OM are complementary subsets of M. Moreover, endowed with
the subspace topology, these sets have natural structures of C" manifolds (without
boundary) of dimension n and n — 1 respectively, and the inclusion maps into M
are C".

Proof. 1t is clear that Int M U OM = M. We leave as an exercise proving that
Int M N OM = () and that M is a closed subset of M.

Each chart ¢ : U — U of M can be split into an “interior part” Int ¢ := @|ynme m
and a “boundary part” d¢ := p|sns. The interior part Int ¢ has image U N1Int H™,
which is an open subset of R™. Thus the interior parts of the charts of M constitute
a C" atlas for Int M. Similarly, the boundary part d has image ffﬂf)H”, and since
OH"™ = R™ !, the boundary parts of the charts form a C" atlas of 9M of dimension
n—1.

To see that the inclusion map ¢ : Int M — M is C", let p € Int M and let ¢ be a
chart of M defined at p. Then the local expression of + w.r.t. the charts Int ¢, ¢
is the inclusion map of U NIntH" into U , and this map is clearly C". Thus ¢ is C".
The proof that the inclusion map M — M is C" is similar. O

Example 7.3.6. The closed interval [0, 1] is a smooth manifold with boundary
with the standard topology and the smooth structure given by the two charts

[0,1) = [0,1) : x> z, (0,1] = [0,1) : x +— 1 — .
Example 7.3.7. Consider the closed unit ball B := {z € R",|z| < 1}, where
2| := />, 27, with the subspace topology. Let
UF :={x € B| +x; > 0}.

On UZ-+ we define a 0-chart cpj : U;r — H"™ that maps

2
(H?o,...,xn_1>i—)(xo,...,l‘i_l,—xz‘—i- 1-— E a;j,xi+1,...,xn_1).
\/ J#i

Similarly we can define O-charts ¢; on the sets U;” (just change the sign of the
i-th component).

It is a simple computation to check that the maps (p?: form a smooth J-atlas of
B. Note also that 0B = S" 1.
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Extension of known concepts to manifolds with boundary All the notions that
we studied on differentiable manifolds can be extended, with few changes, to dif-
ferentiable manifolds with boundary.

(a) C" maps between manifolds with boundary are already defined above.

(b) Partitions of unity exist on manifolds with boundary; they are defined in the
same way as on manifolds without boundary.

(c) The tangent space T,M at a point p € M of a differentiable n-manifold
with boundary M is defined also in the same way as for manifolds without
boundary, and we have T,M ~ R".

A tangent vector X € T,M at a boundary point p € 9M is classified as
inwards pointing, tangent to the boundary, or outwards pointing
according to the sign (positive, zero, negative respectively) of the last coor-

dinate X" ! in the expression X = > X ‘ aii ‘ with respect to a d-chart .
P

(Exercise: This sign does not depend on the chart.)
(d) A vector field X € X(M) on a differentiable manifold with boundary M
defines a flow ®x, whose domain is open if X is tangent to the boundary

of M. If X is inwards-pointing along M, then the future flow has open
domain, and is complete if X has compact support.
(Exercise: Every C**! manifold has a strictly inwards-pointing, C* vector
field.)
(e) Differential forms, orientations and integration can also be extended to man-
ifolds with boundary without significant changes.
(Exercise: Every orientation on Int M extends to a unique orientation on M.)
(f) The definitions of immersion and embedding are also easily extended. The
inclusion maps of Int M and OM into M are embeddings.

Definition 7.3.8 (Induced orientation on the boundary). Let M be a differentiable
(n+ 1)-manifold with boundary. Every orientation O on M induces an orientation
00 on the boundary 0M, called the boundary of O, defined as follows. For a
point p € OM,

(00)|p(Xo, ..., Xn—1) = O|p(Y, Xo, ..., Xn-1)

for each base (X°,..., X" 1) of T,0M, where Y € T,M is an outward-pointing
tangent vector.

The definition of (00)|, is independent of the choice of Y because if Y’ € T,M
is any other outward pointing tangent vector, then Y/ = kY + 3", ¢ X; for some
coefficients ¢ € R, k > 0, therefore the operation of replacing Y by Y’ does not
change the sign of the base (Y, Xy, ..., X,,—1) of T, M.

Exercise 7.3.9. Show that the orientation field 90O is continuous.

If M is an oriented 1-manifold, then 0M has dimension zero, and the boundary
orientation at a point p € OM is equal to the sign of an outward-pointing vector
at p.

Example 7.3.10. If (M, O) is a closed interval [a,b] C R endowed with the stan-
dard orientation of R, then 00(a) = —1 and 00(b) = +1.

Example 7.3.11. S? has an induced orientation as the boundary of the unit ball
in R3. This orientation is given by the 2-form in Example [7.1.13
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Example 7.3.12 (Boundary orientation of the closed half-space *). Consider H"
with the standard orientation of R”. Identifying OH" — R*~! (2% ..., 2"72,0)
(20, ..., 2" 2), the induced orientation on JH" corresponds to the standard orien-
tation on R* ! iff n is even. Hence with respect to the induced orientation on OH",
the (n — 1)-form

w=(=1)"dz’ A---Adz" 2 e Q!

is positive, i.e. w|y,(Bo,...,Bpn—2) > 0 if (By,...,By—2) is a positive base of
T, (0H").

7.4 Differential forms as integrands

An important property of a continuous k-form w on a manifold is that w is deter-
mined by the value of its k-dimensional integrals.

Proposition 7.4.1. Let w, 0 be two continuous k-forms on a differentiable man-
ifold M. Then w = 0 if and only if [\ [*w = [y [0 for every differentiable map
f: N — M whose domain N is a compact oriented k-manifold with boundary.

Proof: Exercise.
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8 Exterior derivative and Stokes’
theorem®

At the end of last chapter we saw that a (continuous) k-form w on a manifold M
is determined by the value of its k-dimensional integrals. In this chapter we will
show that if the k-form w is C!, then it has a naturally associated (k + 1)-form
called the exterior derivative of w, denoted dw, whose integrals are determined by
those of w by the Stokes formula:

Proposition 8.0.1 (Stokes formula). Let w be a k-form on a manifold M. If w is

Ct, then
/ ffdw = ffw
N ON

for any C% map f : N — M, where N is an oriented (k+1)-manifold with boundary
such that f*w has compact support.

We could take the Stokes formula as the definition of dw since by Proposi-
tion any continuous k + 1-form is determined by the value of its integrals.
However, we will not define dw in this way. Instead, we’ll give a less intuitive but
more practical definition of dw that tells us directly how to compute dw in terms of
its component functions in some local chart. Then we will prove that dw satisfies
the Stokes formula.

8.1 Exterior derivative

For simpler notation, here we restrict to smooth manifolds and differential forms.

Given a chart (U, ¢) of a smooth n-manifold M, we define a map

dy: QF(U) = QFHU) 1w = Z'wl dp! s dyw = Z' dwy A de!. (8.1)
1 1

Here, each index I in a primed sum »,’ is an increasing multi—inde)ﬂ I =
(405 ...,1k—1), and dwy is the differential of the component function w; as de-
fined previously. The definition of d, is local. We want to define a “global”
operator d, i.e. d : QF(M) — QFFY(M), by covering M with charts and setting
(dw), = (dpw|v)p for some chart (U, ) containing p. For this we have to make
sure that for two charts (U, ¢), (V,1), the forms d,(w|) and dy(w|y) coincide on
U NV. This is part of the proof of the following theorem:

Theorem 8.1.1. Let M be a smooth manifold. There exists a unique linear oper-
ator
d: QF (M) — Q¥ (M)

(i.e. one operator for each k > 0), called the exterior derivative operator, satis-
fying the following conditions:
(i) If f € Q°(M) = C°(M) then df is the differential of f as defined previously,
ie. df(X)=Xf.

'For k = 0 we use the convention that dgom is the constant function 1.
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(i) For w € QF(M), n € QM)
d(wAn) =dwAn+ (=1)Fw Ady.

(iii) d? = 0.
This operator d is given in local coordinates by (8.1)).

Proof. Let us first suppose that M is covered by a single chart (U, ). Then any
operator d satisfying conditions (i)-(iii) must be equal to d,. Indeed, for a form
w € QF(M), writing w = 3", de!, we have

dw = Z’dwl Adp! +wr Ad(de!) = dyw (8.2)
I

because

d(de’) = d(dp™ A+ Adp™1) = (=1)°d@ Ao Ad(de™) A= Adplt =0,
s€k

A few straightforward calculations show that d, as defined in satisfies condi-
tions (i)-(iii); see e.g. [Leel3| Prop. 14.23].

Note that if ¢ is a second chart with the same domain U as ¢, then the operator
d, and dy are equal, because they both satisfy conditions (i)-(iii). Also, for any
open subset W C U, the map | is a chart on W and it is clear from the formula
that for any k-form w € Q%(U) we have (dyw)|w = dyj,, (Ww)-

Now consider the general case, i.e. M is perhaps not covered by a single chart.
Suppose that d is an operator satisfying (i)-(iii). We claim that this operator is
local in the sense that if two k-forms w, @ € QF(M) coincide on a neighborhood V/
of a point p € M, then (dw), = (dw),. To see this, let a be a bump function with
support in V' and which is constant equal to 1 on a (smaller) neighborhood of p.
Let n = w — @. Note that an =0 on M, so d(awn) = 0 by the linearity of d. Then
using the other properties of d, we see that

0 = (d(an))p = (da)p A+ a(p)(dn)p = (dn)p.

Here we used the fact that (da), = 0 since « is constant in a neighborhood of p.

We continue in the setting where we suppose the existence of an operator d
satisfying (i)-(iii). Let us prove that d is unique by showing that it is given by the
local formula (8.I)), i.e. for any chart (U, ) and any k-form w € QF(M) we have
(dw)|y = dy(w|r). To see this, take any point p € U. Write w|y = ;' wy de!, and
let w7 and @ be smooth functions defined on the whole manifold M that coincide
with wy and ¢* resp. on a neighborhood of p. Let

G:=Y '&rdg" € QF ().
I

Then by the locality of d and properties (i)-(iii), computing as in (8.2)) we get

(dw), = (d@), = (Z' day Ad@T +wr A d(d@ﬂ)
I

= Z’ (dw[)p AN dQOII, = (dgo(w|U))p'
I

Since this holds for each point p € U, we conclude that (dw)|y = dy(w|y) as
claimed.

Finally, let us show the existence of the operator d satisfying (i)-(iii). For a form
w € QF(M), we define the form dw € Q¥F1(M) as follows: for any chart (U, ¢), let
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(dw)ly = dy(w|y). The form dw is well defined because if (U, ¢), (V,9) are two
charts, then on the intersection W = U NV the operators d, and d, coincide as
explained before. More precisely, we have

(dp(wlo)lw = dyjy (wlw) = dy|y, (Wliw) = (dy|w (wlo)) lw

Thus we have defined an operator d : Q¥ M — QFT1M . The fact that this operator
satisfies conditions (i)-(iii) (and linearity) follows from the fact that the local op-
erators d|, also do. For example, to verify the product property (ii), we take two
forms w € QFM, n € QM and we note that for any chart (U, ) we have

(d(w Ao = dly(w An)lu
= (dlpwlv) Anly + (1) wly A (dlenlv)
= (dw)|r Al + (=1)*wly A (dn)|o
= (dw An+ (=1)Fw A dn)|y.

The other properties are proved similarly. ]

In the exercises we prove that the exterior derivative operator commutes with
pullbacks :

Lemma 8.1.2. Let F': M — N be a smooth map between smooth manifolds. Then
for all w € QF(M) we have
F*(dw) = d(F*w).

8.2 Stokes’ Theorem

The concepts developed in the last few sections blend together nicely to yield the
following theorem:

Theorem 8.2.1 (Stokes). Let M be an oriented n-manifold with boundary and let

w € Q¥ YM). Then
/dw:/ w.
M oM

Here OM has the induced orientation and w on the right hand side is understood
to be restricted to M (i.e. we actually mean the form on 0M given by ¢*w where
t: OM — M is the inclusion, also written w|gas).

Remark 8.2.2. Stokes’ theorem generalizes the fundamental theorem of calculus:
For w = f € C%a, b]) where [a,b] C R is an interval (with the standard orientation)

we obtain
! dr = df = = f(b) — .
@ /[a,b] f /W])f £(b) - f(a)

where we recall that the induced boundary orientation on 9([a,b]) is +1 at b and
—1 at a.

Proof of Stokes’ theorem (sketch). Covering M with an oriented atlas and using a
partition of unity, the result can be obtained from the one for M = H"™. In this
case w € Q" 1(H") can be written

W= Z wida® A Adzi A Ad™ !
0<i<n
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where the hat means that we omit the corresponding term and z’ are the standard
coordinates on R™. Since w has compact support, for some R > 0 we have

supp w C (—R,R) x --- X (=R, R) x [0, R).

Note that ,
dw = Z <_1)i8:; dz® A -eenn Ada"1
0<i<n
Therefore
; Ow;
/ dw_/ wdfﬁo"-dx”_l:
" H» 8:61
0<Z<n

8001 n—1
// IR

and using the fundamental theorem of calculus we see that all the terms in the
sum where i # n — 1 are 0 because w;(r) = 0 if 2 = £R. Hence the integral above
becomes

0<z<n

R R
dw = (—1)"1 / . / wn(z®, ... 2" 2 R) —wp_1 (2, ..., 2"72,0) | da¥ - - - dz" 2
_ _ ~-

1/ /wnl O 2" 20)de’ da" 2 =

/ w1 (2%, 2"20) da® A Ada™?
OH"

Hn

The factor (—1)" disappears because OH" has the boundary orientation, so (—1)" dz®A
-~ Adz""2 is a positive n-form (see Example [7.3.12). Note that the restriction of
w to OH™ is (for ¢ : OH™ — H" the inclusion)

w = (wp_100)dz® A+ Adz"?

since all the other terms of w contain the factor dz" !, which vanishes on OH".
Hence the last line above is |, o LW, which we write as J. omm w by the common
abuse of notation of not writing the restriction. O

8.2.1 Classical vector calculus

Example 8.2.3. Let us relate d with some well-known differential operators on
R3: We can identify Q!(R?) with smooth functions R?® — R3 via

fide' + fodp? + f3do® = (f1, fo. f3)

where ¢! are the standard coordinates on R? and f; € C°°(R3). Similarly, we can
identify Q2(R?) with smooth functions R? — R? via

fi dp® Ad@® + fo dp® Ade! + f3 dp' Ad@? = (fi fo, f3)-
Finally Q3(R3) can be identified with C*°(R?) via
fdet Adp? Ade?® — f.

Using these identifications, d : Q°(R3?) — Q!(R3) corresponds to the gradient; d :
OHR3) — Q2(R3) corresponds to the curl (aka rotation); and d : Q2(R3) — Q3(R3)
corresponds to the divergence. The property d? = 0 then translates into

curl grad = 0, div curl = 0.
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Example 8.2.4 (Classical Stokes Theorem). Let M C R3 be a smooth embedded
submanifold with boundary: This means, just as in the case of ordinary manifolds,
that M has the subspace topology and a smooth structure such that the inclusion
is a smooth immersion.

Suppose dim M = 2 (we call this a hypersurface). Then M has dimension
one. Consider a 1-form w = fidz! + fodx? + fzdx® € QL(R3). Then dw is a
2-form on R3, which restricts to a 2-form on M, and similarly w restricts to a
1-form on OM (abusing notation we denote the restrictions with the same symbol).
By Stokes [, dw = faMw. Setting ' := (f1, fo, f3) and ds := (dz', dx?, dz3),
we can write w as the formal scalar product, w = F' - ds and similarly, setting
dS = (dz® ANda3, dx3 Adzt, dzt A dx?) we have by Example dw = curl - dS.

Hence we can write

/ curl F - dS = F - ds.
M oM

The left hand side is the so-called surface integral of the vector field curl F' over
the surface M. (See |Leel3|, Chapter 10, Integration on Riemannian manifolds,
for more information about the induced volume form on hypersurfaces in R3.)
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